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B 9toh CTaTbe npe,a;jiaraiOTCH ^eTbipe pasjiii^Hbix tiokx.or& k onpe^ejieHHio onepaTopa IHTypMa-JlHyBHjuiH 
Ly = —y" + q{x)y Ha HHTepBajie (a, b) b cjiy^ae, Kor,a;a noTeHHHaji q{x) aBjiaeTca pacnpe^ejieHneM 
H3 co6ojieBCKoro npocTpaHCTBa c HeraTHBHbiM hh^gkcom rjia^KOCTH, a HMemio, q S W^~ e npn 9 ^ 1. 

IIojiy^eHbl TJiaBHbie H BTOpbie HJieHbl aCHMIITOTHK flJlH C06cTBeHHbIX SHa^eHHH H C06cTBeHHbIX (pyHKHHH 

onpe^ejiaeMbix onepaTopoB h npoBe^eHbi on,eHKH ocTaTKOB b sthx aciiMnTOTHHecKHx cpopMyjiax b 3aBiiCHMOCTii 
ot KJiacca noTeHHiiajia. CooTBeTCTByroiinie onepaTopbi onpe^ejraiOTCH h nsy^aiOTca TaKsce rrr HeKOTopbix 
aHajiHTH^ecKHx ceMeiicTB noTemniajiOB bmcokoh CHHryjiapHOCTH, He npHHafljiejKamHx npoerpaHCTBy W^ 1 ■ 
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§0. BBe^eHHe 



B KjiaccHnecKoii TeopiiH onepaTopoB LQTypMa-JlHyBHjuia, nopoxc^aeMbix Ha HHTepBajie 
(a, b) C M. ^H(p(pepeHH,HajibHbiM Bbipa>KeHHeM 

l(y) = -y" + q(x)y, (0.1) 

CTaH^apTHbiM ycjiOBHeM Ha (pyHKiniio q(x) aBjiaeTca ycjiOBHe q(x) G Li i / oc (a, b), t. e. 
(pyHKinifl npe^nojiaraeTca cyMMHpyeMoft Ha jho6om OTpe3Ke, KOMnaKTHO bjiojkghhom b (a, b). 
CnHryjiflpHbie onepaTopbi LQTypMa-JlHyBHjuia b KjiaccHHecKoii TeopHH xapaKTepn3yiOTCfl 
TeM, hto jih6o (pyHKHHH q(x) He cyMMnpyeivia Ha OTpe3Ke [a, b] (nivieeTCH HeHHTerpnpyeMaa 
ocoSeHHOCTb no Kpaimen Mepe Ha o^hom h3 kohhob OTpe3Ka), jih6o HHTepBaji (a, b) 6ecKOHeneH. 
B 3Ton pa6oTe mm H3ynaeM onepaTopbi c noTeHiniajiaMH, HMeiomHMH HeHHTerpnpyeMbie 
oco6eHHOCTH BHyTpn HHTepBajia. Ilpn btom ecTecTBeHHMM OKa3MBaeTCH h3hk TeopHH 
pacnpe^ejieHHH, b nacTHOCTH, ecTecTBeHHO paccMaTpnBaTb noTeHiniajiM H3 npocTpaHCTB 
Co6ojieBa c HeraTHBHbiMH HH^eKcaMH rjiaflKOCTH. 

3a^anH 06 H3yneHHH onepaTopa LQTypivia— JiHyBHJiJia h ero MHoroiviepHbix aHajioroB 

— A + q(x) C nOTeHHHajIOM KOpOTKOrO B3aHMO,Ii;eHCTBHH (THna (J-CpyHKHIffl) B03HHKJIH b 

(pH3HnecKOH jiHTepaType. MaTeMaTHHecKHe HccjieflOBaHHH cooTBeTCTByioinHx (pH3HnecKHx 

1 Pa6oTa BbinojiHeHa npii no^mepjKKe PoccniicKoro <l>OH^,a <J>yH^,aMeHTajibHbix Hccjie,n,OBaHHH. A.M.CaB^yK 
no^ep»caH rpaHTOM No. 01-01-00691, A.A.IIlKajiHKOB no^mepjKaH rpaHTOM No. 01-01-00958. 
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Mo^ejien 6mjih HHHHHHpoBaHM b Hanajie 60-x to^ob b paSoTax Bepe3HHa, QaflfleeBa h 
MnHjioca [S], |24j . 3ia TeMaraKa hhtghchbho pa3BHBajiacb b nocjieflHiie ^Ba flecsiTHjieTHa. 
HivieiOTca MOHorpacpHH Ajib6eBepiio, reniTe3H, Xosr-KpoHa h Xojib^eHa [39J, KoniMaHeHKO [TH] . 
Ajib6eBepno h KypacoBa |4fl| . r^e mojkho no3HaKOMHTbca c no^poSHOCTJiMH Teopnn Bepe3HHa- 
MnHJioca-Oa^eeBa b ee coBpeivieHHOM cocto5ihhh h flpyriiMii hobmmh HanpaBJiemiaMH, 

B03HHKHIHMH Ha OCHOBe 3TOH TeOpHH. TaM >Ke MOJKHO n03HaKOMHTbCa C oSlHHpHOH 

GnSjiHorpacpHefi. 

/IpyroH no^xofl k H3yneHHio onepaTopoB IIlTypMa-ilHyBiijiJia c HeiuiaccHHecKHMH 
noTeHn,HajiaMH q(x), ABjiaioiiniMHca npoH3BO,a,HMMH ot (pyHKHiiii orpaHHHeHHoii BapnaniiH 
(3apaflaMn) , 6mji npe^npHHaT KpefiHOM |2l], Kaueivi |16| . Atkhhcohom [1J h >Khkobmm 1 1 3 j . 
Ha 3tom nyTH b HeflaBHeii paSoTe BnHOKypoBa h CaflOBHnnero [H] nojiyneHM acuMnTOTHHecKne 
(popiviyjibi fljia co6cTBeHHbix 3HaneHHH h coScTBeHHbix (pyHKii^HH TaKoro KJiacca onepaTopoB. 
H3 noTeHn,HajiOB, He npHHa,i],Jie>KamHx nocjie^HeMy Kjiaccy, H3ynajica KyjiOHOBCKHH noTeHipiaji 
q(x) = 1/x Ha OTpe3Ke [—1,1] hjih Ha npaMoii M, HanpHMep, b paSoTax TyHCOHa |4*H] . 
KypacoBa [H2], ATKHHCOHa, 3BepnTTa h 3eTTJia |41| . 

B paSoTe aBTopoB |32j (cm. Taicace pa6oTy HefiMaH-3afle h UlKajiHKOBa 6biJio noKa3aHO, 
hto onepaTop UlTypMa-ilHyBHJiJia mojkho KoppeKTHO onpe^ejiHTb fljia cymecTBeHHO 6ojiee 
oSmero KJiacca noTeHiniajiOB q(x), aBJiaiomnxca CHHryjiapHbiMH pacnpe^ejieHnaMH nepBoro 
nopa^Ka. Abtopbi npe^npHHfljiH ^ajibHeiiHiee H3yneHHe onepaTopoB c t3khmh noTeHipiajiaMH 
b paSoTax [30), [SI] h |33j. BcKope noaBHjiHCb paSoTbi TpHHHBa h MnKHTiOKa [46j-[50j, r^e 
3tot no^,xofl nojiynnji cymecTBeHHoe pa3BHTHe, b ocoSghhocth npn penieHHH o6paTHOH 3a,n,aHH 
UlTypMa-JlHyBHJiJia c HeKJiaccnnecKHMH noTeHiniajiaMH. Otmgthm TaKJKe HeflaBHioio pa6oTy 
Kannejiepa h Moopa [.51], b Koropoft npefljio>KeH flpyroft noflxofl k H3yneHHio onepaTopoB c 
noTeHH,HajiaMH-pacnpeflejieHH5iMH H3 npocTpaHCTB W% (a, b) npn 9 < 1. 

HacToamaa CTaTba aBjiaeTca npo,a,oji>KeHHeM h cymecTBeHHMM pa3BHTneM paSoT 
aBTopoB |32) . |3()j . |3 1| . Mm CTaBHM Tpn hojih: 1) ^aTb HecKOJibKO noflxoflOB k onpe^ejieHHio 
onepaTopa UlTypMa-JlHyBHjuia c noTeHHHajiOM-pacnpe,i],ejieHHeM h o6cyi],HTb hx B3aHM0CB33b; 
2) nojiy^HTb acHMnTOTH^ecKHe cpopMyjibi ,n;jia coSctbghhmx 3HaHeHHH h co6cTBeHHbix (pyHKHiiii 
onpe^ejiaeMbix onepaTopoB, BbinncbiBaa no bo3mo)khocth BTopbie HJieHbi acnivinTOTHK h 

OH,eHHBaa OCTaTKH B 3aBHCHMOCTH OT KJiaCCOB nOTeHH,HajIOB ■ 3) npe^JIO>KHTb nOflXOflbl 

k onpe^ejieHHio onepaTopoB c noTeHipiajiaMH bmcokoh CHHryjiapHOCTH (flJia noTeHipiajiOB 
q(x) W2 ), Kor^a o^H03HaHHoro onpe^ejieHHa onepaTopa c noMombio neTbipex paHee 
npe^jiojKeHHbix noflxoflOB He cymecTByeT. B nocjieflHeM cjiynae mm TOJibKO HaMenaeM no^xoflbi, 
KOTopbie, KaK mm Ha^eeMca, flOJi>KHM nojiy^HTb flajibHefiniee pa3BHTne. 



§1. HeTbipe no^xo^a k onpe^ejieHHio onepaTopoB c 
noTeH^ajiaMH-pacnpe^ejieHHHMH 

1.1. MeTO,a; peryjiapH3au;HH. JJ^&jiee nepe3 T> o6o3HaHaeTca npocTpaHCTBO TecT-(pyHKH,HH 
Ha HHTepBajie (0, tt) (t. e. 6ecKOHenHO ^H(p(pepeHH,HpyeMMx (pyHKH,HH c KOMnaKTHMM 
HOCHTejieM Ha (0, 7r)), a ^iepe3 V — npocTpaHCTBO pacnpeflejiemiH Ha V. Hepe3 [0, tt] 
(coKpaiu;eHHO ) o6o3HanaeM npocTpaHCTBO, cocToamee H3 (pyHKn;HH q(x) E T>' , ^Jia 
KOTopbix nepBOo6pa3Haa u(x) = J q(£) d£ (b CMbicjie pacnpeflejieHHii) npHHa^jiexcHT ^[0, tt]. 
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HopMy b W 2 ~ x onpeflejiaeM paBeHCTBOM = inf \\u(x) + c\\l 2 , r^e inf SepeTca no bcgm 

KOHCTaHTaM c. HeTpy^HO noKa3aTb, hto npocTpaHCTBO W 2 coBna^aeT c flyajibHbiM k 
npocTpaHCTBy ^^[O) 71 "] n0 OTHOineHnio k cxajiapHOMy npoH3Be,a,eHHio b Z,2[0, 7r]. 3,a,ecb 

Wl[0,-K] = {y\ye W*[0,n], y(0) = y(n) = 0} , 

iyje nepe3 o6o3HanaeTca coSoneBCKoe npocTpaHCTBO c hopmoh ||y||fc iP = \\y\\L v + III/ IU P - 
,I[ajiee, ecjiii Hopivia || • || nnnieTca 6e3 HHfleKCOB, npe^nojiaraeTca, hto OHa 6epeTca b 
npocTpaHCTBe L 2 . 

IlycTb b flH(p(pepeHii;HajibHOM BbipajKeHnn (jO.lj) q(x) G W 2 , a u(x) = f d£, — 
nepBOo6pa3Haa H3 npocTpaHCTBa L 2 . BBe^eivi KBa3iinpon3BO,a,Hyio 

y^(x) = y'(x) — u(x)y(x) 

h nepennnieM Bbipa>KeHHe HO.lj) b BH^e 

Ky) = - (y [1] )' -u{x)yM-u\x)y. (1.1) 

HecjiojKHO BHfleTb, mto fljia rjiaflKofi cpyHKiniii u(x) ,in«p(pepeHHHajibHoe BbipajKeHne (|0.1|) 11 
KBa3H^H(p(pepeHii;HajibHoe BbipaaceHne (jl.ip coBnaflaiOT. OflHaKO BbipaaceHne (|1-1|) oGjia^aeT 
TeM npeiiMynjecTBOM, ^to He co,u;ep:>KHT pacnpe,u;ejieHHH, a noTOMy c hhm mojkho onepiipc-BaTb, 
no cymecTBy, Tax >Ke, KaK b KjiaccnnecKon Teopnn. MeTO^bi nocTpoeHnn onepaTopoB Ha 
ocHOBe KBa3H^H(p(pepeHn,HajibHbix Bbipa>KeHHH moxho Haft™ b MOHorpa(pnn HaftMapKa [25], 
CTaTbax 3BepnTTa, Mapxyca h 3eTTjia [42], [43], |44|. Mm 6y,a,eM nojib30BaTbca KOHCTpyKnneft, 
npHBefleHHofi b paSoTe aBTopoB [22]. A 713 y^oScTBa HHTaTejiefi mm HanoMHHM 3Ty 
KOHCTpy khhio , onycKaa ^OKa3aTejibCTBa, KOTopbie mojkho Haft™ b |32| . 

C BbipajKeHHeM (|1.1|) CBH»ceM MaKCHMajibHbiH onepaTop Lm, onpe^ejieHHbift paBeHCTBaMH 

L M y = l(y), 

J)(L M ) = {y\ y,y [1] e W^[0,n}, l( y ) e L 2 [o,n]} , 

a TaKJKe MHHHMajibHbift onepaTop L m , aBjiaiomnftca cyxteHneM MaKCHMajibHoro onepaTopa Ha 
oSjiacTb 

£(L m ) = {y\ye ®{L M ),y(0) = y(n) = y W(0) = y [1] (n) = 0} . 

SaivieTHM, hto b cjiynae u'{x) G L±, onpe^ejieHna MaKCHMajibHoro h MHHHMajibHoro onepaTopoB 
coBna^aiOT c KjiaccnnecKHM nx onpe^ejieHHAMn, t. k. b stom cjiynae ycjiOBne y^ G W\ BjieneT 
y' G Wl, n Hao6opoT. 

Mm He npe^nojiaraeM, hto (pyHKnna u(x) BemecTBeHHa. Hepe3 Lm h L m 6y^eM 
o6o3HaHaTb MaKCHMajibHbiH h MHHHMajibHbiii onepaTopbi, nopojK^eHHbie conpa>KeHHbiM 
^H(p(pepeHH;HajibHbiM Bbipa>KeHHeM l(y) (b kotopom cpyHKinia u(x) 3aivieHeHa Ha u(x)). 
IlpaMbiM BbiHHCJieHneM nojiynaeM cjie,n;yioiii;ee npe^jio>KeHHe. 

JleMMa 1.1 (<E>opMyjia JIarparoKa) . J^jisi (fiyHKi^uu f G D(Lm), g G D(Lm) cnpaeedAueo 
mocHcdecmeo 

(L M f,g) = (f,L M -g) + [f, g y , 

*d* \f,9\o = -f [l K*)W) 



g^(x)f(x) 
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H3 3toh cpopMyjibi, b aacTHOCTii, nojiyaaeM 

(L M f,g) = (f,L^g), f G D(L M ), 9 G D(X^), 

t. e. onepaTopbi Lmh -^m b3&hmho conpa>KeHHbi. 
3aMeTHM, hto ypaBHeHne 

LmV ■■= ~y" + u'(x)y = Xy + f, A G C, / G L 2 

MffiKHO 3anHCaTb B BH^e CHCTeMbI 



W"V-a-« 2 -WVW + W' (L3) 



r^e l/l — V, V2 — V^- IlpH 3TOM SJieMeHTbl MaTpHU,bI 

Ate) -- 



u 1 
—A — u 2 —u 

aBjiaiOTca cpyHKipiaMH H3 Li[0, 7r]. 3to o6cToaTejibCTBO no3BOJiseT Hcnojib30BaTb cjie^yiomee 
Ba>KHoe yTBep>K^eHHe, ,a,OKa3aTejibCTBO nepBoii aacTii KOToporo mo>kho HaiiTH b |25) . a BTopoii 
Hac™ — b |32) . 

TeopeMa 1.2. Ilycmb A(x) — Mampuya pa3Mepa n x n, SAeMenmu nomopou HejiHwmcn 
(fiynnyuMMU npocmpancmea Li[0, 7r], a f G [Li(0, 7r)l — eeKmop-tjjynKyusi. Tosda npu ak>6om 
c G [0, 7r] ypaenenue 

y' = A(x)y + f, y(c)=(er, 

UMeem eduncmeennoe pemenue y(x), npuneM y(x) — a6coAwmno HenpepueHcm na [0, 7r] 
eeKmop-cfiyHKyutt. Ecjiu nocAedoeameAbnocmb Mampuy A £ (x) c SAeMenmaMU U3 Lx[0, 7r] 
maKoea, nmo ||A £ (x) — A(x)||l 1 — > npu e — > ; mo pemenun ypaenenuu 

y'e = A £ (x)y e + f, y £ (c) = e, 

cxodamcsi k y(x) paenoMepno na [0, 7r] damce e MempuKe npocmpancmea W{[0, tt\). Kpojue 
moso, cnpaeedAuea oyenna 

\\y{x) - y e (x)||i,i < C||f|| Ll ||A(x) - A e (x)|| il 

c nocmosiHHOu C , ne 3aeucMineu om f u e. 

HanoMHHM, hto onepaTop F, fleficTByioinHH b riuibSepTOBOM (hjih SaHaxoBOivi) 
npocTpaHCTBe Sj, Ha3biBaeTca (ppe^rojibMOBbiM, ecjiii ero o6jiacTb onpeflejieHiia D(F) njiOTHa 
b f), o6pa3 3aMKHyT, a ,a,ecpeKTHbie HHCJia {a, (3}, paBHbie pa3MepH0CT3M a^pa h Koa^pa, 
KOHe^Hbi. TeopeMa E21 no3BOJiaeT jierKO ^,OKa3aTb cjie,a,yioiu,ee yTBep>KfleHHe (cm. [32J). 

TeopeMa 1.3. IJpu ak>6om A G C onepamopu Lm — A u L m — A tfipedsoAbMoeu, neAHtomcn 
conpsicHcennuMU dpyz k dpyzy, a ux decfjenmHue hucaq paenu {0, 2} u {2, 0} ; coomeemcmeenno. 
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/Iajiee HaM noHa^oSnTca cjieflyiomee yTBepm^enme, KOTopoe mm flOKa>KeM name, b § 2. 

JleMMa 1.4. IJycmb ip(x,A) u ip(x,\) — pemenuH ypaenenufi l(y) = Xy c nanaAbHUMU 
ycjioeufiMU 

¥>(0,A) = 1, ^ [1] (0,A) = 0, V(0,A) = 0, ^ [1] (0,A) = 1. (1.4) 
Tozda npu A — > +oo enympu ak>6ou napadoAU 



Pa = A G 



Imv^l < 

cnpaeedjiueu acuMnmomunecKue npedcmaejienuH 

A) = cos(A 1 / 2 x) + A), A) = -A 1/2 sin(A 1/2 a;) + X 1/2 ipi(x, A), 

A) = A" 1 / 2 sinjA^x) + A" 1 / 2 ^^, A), A) = cos(A 1 / 2 a;) + ^{x, A), 

(1.5) 

2^e KCLMcdan U3 tfiyHKi^uu ip, <f±, if), ipi Maotcopupyemctt ecAUHiiHou MT(A) — > npit A — > oo, 
3 de T(A) = T(tt/2,A). 

3aivieTHM, hto BcaKHii onepaTop L, noflHHHeHHbifl ycjiOBHio L m C L C Lm 5 HMeeT o6jiacTb 

S(L) = | y E D(L M ), C^(y) = 0, 1 < j ^ v] , 

r^e Uj(y) — jiHHenHbie (popMbi ot nepeMeHHbix 7/(0), y(7r), y^(0), y^(n). 3th (popMbi mojkho 
CHHTaTb jiHHeiiHO He3aBnciiMMMH, h Tor^a hx hhcjio i/ aaKjiioHeHO Me>Kfly h 4. H3 TeopeMbi lOl 
cjie^yeT, hto HyjKHO SpaTb ,a,Be jiHHenHbie (popMbi, ecjin xothm, htoSm onepaTop L HMeji 
HenycToe pe30JibBeHTHoe MHO»cecTBO (^Jia SToro HeoSxo^HMO, hto6m HH^eKCbi L 6mjih paBHbi 
{0,0}). 

Tenepb mm roTOBbi flOKa3aTb cjieflyiomiiH pe3yjibTaT. 
TeopeMa 1.5. IJycmb onepamop L HejinemcH cyotcenueM onepamopa Lm Ha o6Aacmb 

T>(L) = {y\ye D(L M ), U x (y) = U 2 {y) = 0} , 

sde 

Uj(y) = a jiy (Q) + a j2 y^(0) + 6 jl2 /(vr) + b ]2 y^(ir), j = 1, 2. (1.6) 

06o3HanuM uepe3 J a p onpedeAumeAb, cocmaeAeHHUu U3 a-zo u (3-20 cmoA6%i i a Mampuz^u 

a n O12 bu b\2 

&21 a 22 b 2 \ b 2 2 

Tozda onepamop L uMeem nenycmoe pe30AbeeHmnoe MHomcecmeo u cnenmp ezo ducKpemeu, 
ecAU eunoAneno odno U3 CAedywmux ycAoeuil: 

1. JA2 + 0, 

2. J 42 = 0, J u + J32 7^ 0, 

3. J42 = Jl4 = J32 = 0, J\2 + ^34 = 0, J13 7^ 0. 
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Proof. IlycTb (p(x, A), ip(x,A) — penieHiia ypaBHeHna l(y) = Ay, onpeflejieHHbie b .ttrmmr fl~4l 
CorjiacHO TeopeMe \1.'2\ fljia jiio6oh (pyHKiniri / 6 I 2 cymecTByeT penieHHe A) ypaBHeHHa 
l(y) — Xy = f, no^HHeHHoe ycjiOBiiio z(0, A) = zW(0, A) = 0. OSmee peineHPie stoto ypaBHeHiia 
HMeeT BHfl y = c\<p + c 2 ijj + z, r^e cj, C2 — nocToaimbie. 

YcjiOBne y G BJieneT Z7j(y) = 0, j = 1, 2. IIosTOMy penieHHe y Haxo,n;HTca 0flH03HaHH0, 

ecjin He paBeH Hyjiio xapaKTepiiCTHHecKiiH onpeflejiiiTejib 

a u + b n <p(ic, A) + b 12 (p [1] {ir, A) a 12 + 6nV'(vr, A) + &i 2 ^ [i1 (tt, A) 
«2i + hifi^, A) + 6 2 2V [l1 (tt, A) a 22 + b 2 iip(n, A) + 6 22 ^ [l1 (vr, A) 

IlpaMbie BbiHHCJieHHa npHBO^aT k paBeHCTBy 

A(A) = J 12 + J 34 + Ji3^(vr, A) + J^(n, A) + J 32 ^(7r, A) + W 1] (vr, A). (1.7) 

H3 SToro npeflCTaBjieHPia 11 aciiMnTOTHiecKHx paBeHCTB, c(popMyjiHpoBaHHbix b jieMMe 11.41 
Henocpe^CTBeHHO cjie^yeT, hto A(A) ^ BHyTpii jiio6oh napa6ojibi II a , ecjin BbinojiHeHO o^ho 

113 yCJIOBHH 1) -3). 

TaK KaK A (A) ecTb rojiOMop(pHaa cpyHKiiiia ot A bo Been KOMiuieKCHOH iijiockocth C, 
to HyjiH A(A) o6pa3yiOT nocjie^OBaTejibHOCTb, He iiMeioiiryio KOHenHbix npeflejibHbix tohck. 
Ecjih A(Ao) ^ 0, to b CHjiy TeopeMbi 11.21 onepaTop (L — Ao) _1 OTo6pa>KaeT efliiHirqHbiH 
map npocTpaHCTBa L 2 b orpaHHneHHoe MHOJKecTBO npocTpaHCTBa W*. Cjie^OBaTejibHO, 
[L — Ao) _1 KOMnaKTeH. Ho Tor^a L HMeeT ^HCKpeTHbiH cneKTp, kotopmh coBna^aeT c HyjiflMH 
onpeflejiHTejia A(A). Teopeivia ^OKa3aHa. □ 

3aMenaHHe 1.6. IJpu u3yueHuu onepamopoe c pezyjinpuuMU nomenv^uajiaMU, npaeeue 
ycjioeun, d/itt Komopux eunoAHHemcn oduo us ycAoeuu l)-3), H03ueaiom pezyjinpnuMU no 
Bupmocfiy. Ecau u(x) — 2Aadnan (j}yHKU,UH, mo 3aMcna e npaeeux ycAoeunx nepeMCHHUX 
y'(0), y'(7r) na Kea,3unpou36odHue y^(0), y^(ir) coxpannem ceoucmeo pezyAHpnocmu 
Kpaeeux ycAoeuu. Momcho omMemumb manwce. nmo ymeepofcdenue npedudyu^eu meopeMU 
coxpanttemctt 3ah man na3ueaeMux HeeupootcdeuHux npaeeux ycAoeuu - amu ycAoeuu 
omAunatomcH om pegyAupnux mcM, nmo nyunm 3) 3aMeHHemcn CAedytou^UM 
3') J 42 = 0, J u + J 32 = 0, J 13 ^ 0. 

(cm. t-23]). ^ah doKa3ameAbcmea manozo ymoHueuuH meopeMU HedocmamoHHO 
acuMnmomuKU (|1.5jl — neo6xoduMO pacnpumt cumboau o(1) man, KaK amo cdeAano 
e acmmc \2.ffi. Odnano e daAtneumeM e dannou pa6ome nac 6ydym unmepecoeamb 
pezyjmpnue npaeeue ycAoeun, man nan 3am paccMampueaeMOU 3adanu npu u(x) G L 2 
onepamopu c pezyjuipnuMU npaeeuMU ycAoeuHMU coxpaHHtom KAaccunecKue acuMnmomuKU 
8ah co6cmeeHHUx 3HaHeHuu u co6cmecHHUx cfiyHKi^uu, KpoMe rnoso, cucmeMa ux co6crneeHHUX 
u npucoeduneHHUx fyyHKUiiu o6pa3yem 6a3uc Pucca. 

B cjiynae BemecTBeHHOCTH (pyHKHHH u(x) MHHHMajibHbiH onepaTop L m CHMMeTpnneH c 
HH^eKcaMH flecpeKTa (2,2). Hecjio>KHO onncaTb Bee caMOConpa»ceHHbie pacinnpeHHa L m . 

Teopeivia 1.7. Ecau (fiyuKUfUH u(x) eeuificmecHHa, mo npou3eoAt>Hoe caMOConpMOtceHHoe 
pacmupeuue L cuMMempunecKoso onepamopa L m neAHemcn cyotceuueM onepamopa L M na 
o6Aacmb 

V(L) = {y\ye !D(L M ), U^y) = U 2 {y) = 0} , 



A(A) 



U2W 
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zde AuneuHue $opMU U\, U 2 UMemm npedcmaeAenue (11.61) . 3ah Kos^uuAienmoe Komopux 
eunoAHenu paeencmea 

AJA* - BJB* = 0, A=( an ai2 ),B=( b h n b A,J=(°^ *Y (1.8) 

Hao6opom, Aw6ue Kpaeeue ycAoeua euda (|1.6|) . (|1.8j) onpedeAHiom caMoconpHMceHHUu 
onepamop L. 

JJ,OKa3ameAbcmeo stoh TeopeMbi nojiynaeTca iiohth ^ocjiOBHbiM noBTopeHHeM paccy>KfleHHH 
H3 paSoTbi KpeiiHa [20, § 3] h 3,a,ecb He npHBO^HTca. □ 

3aMenaHHe 1.8. IJoAesno omMemumb, umo Kpaeeue ycAoeun, onpedeAHtou^ue 
cajuoconpsicHceHHue pacuiupenufi, mochcho 3anucamb manotce e $opMe 

zde U — npou360AbHatt yHumapnaH Mampuu,a emoposo nopadKa. JJoKOsamejibcmeo 
SKeueaAeHmHocmu manou 3anucu npedudyui,eu npoeodumcn man otce, Kan e Monospagjuu 
Potfie-BeKemoea u XoAbKuna J^ . U.0Ae3H0 maKotce omMemumb, umo Kpaeeue ycAoeun, 
onpedeAHtou^ue caMoconpnotceHHUu onepamop, o6si3ameAbno ydoeAemeopntom odnojuy U3 
ycAoeuu 1-3 meopejuu ()1.5|) . m. e. neAHiomcH pezyAnpnuMU no BupKsogjy. JJ l OKa3ameAbcmeo 
3mozo ymeepwcdenutt noAyuaemcn SAeMeHmapnou npoeepnou. 

1.2. AnnpoKCHMaipia rjia^KHMH noTempiajiaMii. /Jpyrofl ncmxcm k onpe^ejieHHio 
onepaTopa L c noTeHn,HajiOM-pacnpe^,ejieHHeM ocHOBaH Ha H,a,ee annpoKCHMaipiH onepaTopaMH 
c rjia^KHMH noTeHn,HajiaMH. 

nycTb q(x) e W 2 _1 [0, 7r], u(x) = J q(t)dt. IlycTb q e (x) — ceMeiicTBO rjia^KHx cpyHKipiii, 
TaKHx, hto ||g e (a?) — (zO^Hvp- 1 ~~ * n P H £ ~~ * 0- ^ T0 ycJiOBne SKBHBajieHTHO TOMy, hto 
m £ (a;) = / g e (t) (it — > u(x) npn e^Ob npocTpaHCTBe L 2 . 

06o3HaHHM nepe3 L e onepaTop, nopco-K^eHHbiH ^HcpcpepeHipiajibHbiM Bbipa>KeHHeM 
l s (y) — —y" + Qs(x)y h peryjiapHbiMH KpaeBbiMH ycjiOBHaMH p.6|) . b kotopbix nepeMeHHbie 
?/W(0), y^(7r) onpe^ejiaiOTca paBeHCTBOM 

yN(x) = y'{x) - u £ {x)y{x). (1.9) 

B cjiynae raa^KHx (pyHKBiifi u £ (x) no^CTaHOBKa b KpaeBbie ycjiOBHa nepeivieHHbix ?/W(0), y^(7r) 
BMecTO o6biHHbix npoH3BO^Hbix coxpaiiaeT peryjiapHOCTb KpaeBbix ycjiOBHii. IIcoTOMy (cm. [25, 
Iji. 1]) onepaTopbi L £ KoppeKTHO onpe^ejieHbi h HMeiOT ^HCKpeTHbiii cneKTp. OKa3biBaeTca 
cnpaBe^jiHBbiM cjie^yiomHH pe3yjibTaT. 

TeopeMa 1.9. Cyu^ecmeywm 3HaueHUH A G C manue, umo npu ecex docmamoHuo mcuiux 
e > 3HaneHue A npunadAeotcum pe30AbeeHm,HUM MHoencecmeaM onepamopoe L £ , a 
nocAedoeameAbHocnib (L £ — A) -1 giyndaMeHmaAbHa npu e —>■ e paenoMepnou onepamopnou 
monoAozuu, m. e. 

\\{L £ - A)" 1 - (L 5 - A)" 1 1| ^0 npu e,5 -> 0. 
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Onepamop T, HeAHtom/aucH npedejiOM nocjiedoeamejihnocmu (L £ — A) -1 ne UMeem ndpa, a 
nomoMy na o6jw,cmu 3HaneHuu T onpedejien onepamop T~ x . IJpu amoM onepamop T _1 + A 
coenadaem c onepamopoM L, onpedejiennuM e m,eope.M,e \1.1\ 

Proof. 3flecb, KaK h b nepBOM noflxo^e, bhobb ocHOBHyio pojib nrpaeT Teopeivia 11.21 IlycTb 

u £ (x) u (x) npn e — >• 0, 

a L £ — onpe^ejieHHbie Bbinie onepaTopbi c peryjiapHbiMii KpaeBbiMH ycjiOBHSMH. 06o3HaHiiM 
Mepe3 (f £ (x), ipe(%) napy penieHHH ypaBHeHna 

-y" + u' £ (x)y = \y, (1.10) 



yflOBJieTBopaiomnx ycjiOBHaM 

<p e (P) = l, ^ 1] (0) = 0; Ve(0) = 0, ^W(O) = 1. 

Ilpn e = jieByio nacTb (|1.10|) noHHMaeM TaK jxe, KaK b 

YpaBHeHne (jl.lOJI nepennineivi b BH^e CHCTeMbi 1)1. 3j) . npn stom MaTpnua KOScpcpHinieHTOB A 
cooTBeTCTByiomeH CHCTeMbi 6y^eT co^epjKaTb (pyHKBiin u e (x) h u £ (x). CorjiacHO TeopeMe ll.2) 
HMeGM (mm nojiaraeM = z) 



\W(x)-ipf{x)\\ Xtl + \W{x) -#(x)lki < C {\\u £ (x)-u s (x)\\ Ll + H(x) - uj(x)\\ Ll ) ^ 

^CidMx)-^^)!!^), j = 0,1, (1.11) 

r^e || • ll^i — Hopivia b W{. 

Tax KaK cooTBeTCTByiomafl ciicTeMa hmcgt peineHHe npn 5 = 0, to HepaBeHCTBO (ll.lljl 
ocTaeTca cnpaBe^JiHBbiM h npn 5 = 0. 

y^HTbiBafl, hto BpoHCKiiaH napbi (p e , tp £ TOJKflecTBeHHO paBeH 1, Henocpe^CTBeHHOH 
npoBepKofi ySejK^aeMca, hto (pyHKniia 



Z £ (x)= / [cp £ (x)M0-MxWe(0}f(0dt 



y^OBjieTBopaeT pe30JiBBeHTHOMy paBeHCTBy 

-y" + u' £ (x)y -Xy = f(x) G L 2 [0, tt]. (1.12) 
06mee peineHHe 1)1.12)) HMeGT bha 

y £ (x) = z £ (x) + ax<p £ {x) + a 2 i/; £ (x), (1-13) 
r^e ai, a 2 — nocTOflHHbie. IIoflCTaBHB sto peineHHe b KpaeBbie ycjiOBHH, nojiynnM 



ai = A" 1 



Ui(z B ) U^) 
U 2 (z £ ) U 2 (^ £ ) 



a 2 = A' 1 



U 2 (ip £ ) U 2 {z, 



A 



t/ 2 (^) W e ) 
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IlocKOJibKy KpaeBbie ycjiOBHfl peryjiapHbi, to A = A £ (A) ^ npH Bcex e ^ (npii e = 3to 
BbiTexaeT H3 .tommm fl .41 h npe,a,CTaBjieHHa (jl.7jl ). H3 ou,ghkh (ll.lljl HMeeM 

\U a (ip e )-U.((p s )\ + \U 8 (i(} e )-U a (il)s)\ < C\\u £ - u 5 \\l 2 , s= 1,2, 

a noTOMy |A E — A$\ ^ C\\u E — Us\\l 2 - B CHjiy TeopeMbi 11.21 tjih (pyHKipiH z £ (x) TaKJKe HMeeM 
on,eHKy 

\\z?{x) - zfix)^ < C\\u\ - ul\\ L2 \\n\L, < - ^Ikll/lk, J = 0, 1. 

Bbi6epeM Tenepb hhcjio A TaKHM, htoSm A (A) 7^ 0. Tor^a |A e (A)| > c = c(A) npH Bcex 
flocTaTOHHO Majibix e > 0. Cjie^OBaTejibHO, nocTOHHHbie ai = cti(e), 02 = 02(e) b (|1.13|l 

TaKOBbI, HTO 

|ai(e) - ai(5)| + |a 2 (e) - a 2 (5)| < C||u e - m<5||l 2 ||/IU 2 , 

r,a;e C 3aBiicnT tojibko ot BbiSpaHHoro HHCJia A. IIojiyHeHHbie oiieHKH noKa3biBaiOT, hto ^Jia 
penieHHH 

2/ £ = (L £ -A)-7 

cnpaBe^jiHBbi HepaBeHCTBa 

||y e - VsWlu < C\\y e - y s \\i,i ^ C\\u £ - u 5 \\ L2 \\f\\ L2 . 

TeM caivibiM ^OKa3aHO cooTHOineHne (jl . 10|t . hjih paBHOMepHaa pe30JibBeHTHaa cxo^hmoctb 
onepaTopoB L £ npn e — > 0. SaivieTHM, hto ecjin T ecTb npe^eji onepaTopoB (L e — A) -1 , to 
y = Tf ecTb peineHne ypaBHeHHH (|1.12)l npii e = h y^OBJieTBopaeT cooTBeTCTByiomiiM 
KpaeBbiM ycjiOBHaM. Cjie^OBaTejibHO, j/ / 0, earn / 7^ 0, t. e. kerT = {0}. Ilpi! btom 
oneBH^HO, T = (L — A) -1 , r^e onepaTop L Sbiji nocTpoeH b TeopeMe 11.91 3thm 3aBepniaeTca 
,i],OKa3aTejibCTBO TeopeMbi. □ 

1.3. MeTOfl KBa^paTHHHbix cpopM. CHanajia mm npeflnojio^KHM, hto 

u(x) — Bein,ecTBeHHaa (pyHKipia. BbinnnieM KBa,a,paTHHHyio (popMy, OTBeHaromyio 
flH(p(pepeHii;HajibHOMy BbipajKeHiiio (|1.1|) . HMeeM 

(l(y),y) = -((/!)', y) - (u(x)y^,y) - (u 2 (x)y,y) = (yN yM) - ( u 2 (x)y, y) + (y v ,y A ), (1.14) 

r^e Hcnojib3yiOTca o6o3HaneHHH 



.A 



(cm. 3a,MeHa,HHe I1.8B . IlycTb A — npoH3BOJibHaa caMOConpa>KeHHaa MaTpniia pa3Mepa 2x2. 

]10JIO>KHM 

Wl u = {yeW^[0,n} I Uy A = 0}, (1.15) 

r,a,e U — npoH3BOJibHafl MaTpniia pa3Mepa 2x2. OneBH^HO, W\ v ecTb no^npocTpaHCTBO b W\ 
Kopa3MepHOCTH ^ 2, b 3aBHCHMOCTH ot paHra MaTpnubi U. Ilpn U = HMeeM W\y = W\. Ha 
npocTpaHCTBe W\ v onpe^ejinM KBaflpaTHHHyio (popMy 

C(y,y) = (yM yM) - (u 2 (x)y,y) + (Ay\y A ). (1.16) 
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JleMMa 1.10. KeadpamuHHaH cpopjua (I1.16J) onpedejiena npu y G W\ v u 3aMKHyma. 

Proof. Ecjih y G W 2U , a G L 2 , to u(x)y(x) h npnHafljie>KaT L 2 , a noTOMy 

(popMa (11.161) KoppeKTHO onpe^ejieHa. /Iajiee, 



(u 2 (x)?/,y) ^ ||«||i a ||y||c ^ £||2/Ili, 2 + M lbl 



L 2 i 



r,n;e hhcjio £ mojkho Bbi6paTb npoH3BOJibHO MajibiM, a nocToaHHaa M 3aBiiciiT ot e h ||w||l 2 . 
IlocjieflHafl on,eHKa BbiTexaeT H3 KOMnaKTHOCTii BjioxceHiia W 2 C C[0, 7r]. HivieeM TaK>Ke 

\(y',u(x)y)\ ^ < \\y'\\ \\u(x) \\ \\y\\ c < e\\u(x) || \\y'\\ \\y\\i, 2 + M\\y'\\ \\u(x) \\ \\y\\ ^ 

^ (e\\u(x)\\ + Me)||y|| lj2 + e- l M\\u{x)\\ 2 \\yf s= £i|M| 2 , 2 + M 1 \\y\\ 2 . 

HaKOHen,, 

\(Ay\ y ^\^C\\ y \\ 2 c ^s\\ y T + M\\y\\ 2 . 
nojiyneHHbie ou,ghkh no3BOJiaiOT nojiy^HTb npeflCTaBjieHiie 

C(y, y) = {y', y') + (y, y) + Q(y, y) = \\y\\l 2 + Q(y, y), 

r^e 

\Q(y,y)\ <e||y||? j2 + M\\yf Lr 

Bbi6paB e < 1, H3 H3BecTHOH TeopeMbi (cm. p~5| Fji. 6.1]) nojiy^HM 3aMbiKaeMOCTb cpopMbi 
C(y,y) b npocTpaHCTBe W 2U . JleMMa ^OKa3aHa. □ 

3aMKHyTaa KBa^paTHMHaa (popMa ()1.16p (oHa 3aBiiciiT ot Bbi6opa MaTpim, A h U), 
corjiacHO nepBoft TeopeMe o npe^CTaBjiemiii (cm., HanpriMep, |15[ Iji. VI. 2]), onpe^ejiaeT 
caMOConpfljKeHHbiii nojiyorpaHH^eHHbin onepaTop L, npH^eM oSjiacTb onpe^ejieHHH 
KBa,a,paTHoro kophh (L + a) 1 / 2 (3^ecb a > — ^ocTaTO^HO 6ojibinoe hhcjio) coBna^aeT c W 2 1 u . 
KoHe^HO, TaKHM o6pa30M MoryT SbiTb nojiyneHbi Bee onucaHHbie paHee caMOConpa>KeHHbie 
pacninpeHiia MiiHiiMajibHoro onepaTopa L m . HanpiiMep, ecjin caMOConpsDKeimoe pacninpeHiie 
L onHCMBaeTca KpaeBbiMH ycjiOBiiaMH (U — l)y v + i(U +l)y A = 0, iyje MaTpiin,a U — l oSpaTima 
(bto cooTBeTCTByeT (pHrypnpyiomeMy b TeopeMe II . 51 vcjtobhto J^ 2 ^ 0), to STOMy pacniiipeHHio 
cooTBeTCTByeT KBa^paTH^Haa (popMa (|1.16jl . onpe^ejieHHaa Ha BceM npocTpaHCTBe W 2 , 
npnneM MaTpima A b (|1.16j) HaxofliiTca H3 ycjiOBiia A = —i(U— l) _1 (f/ + 1), x. e. aBJiaeTca 
npeo6pa30BaHneM Ksjih ot U. 

Iloflxofl c noMom;bio MeTOfla KBa,n;paTHHHbix cpopM no3BOJiaeT HaM nojiyniiTb 
,a,onojiHHTejibHyio HHCpopMainiio 06 o6jiacTH onepaTopa L. A hmchho, cnpaBe^jiHBO cjie^yiomee 
yTBepjK^eHHe. 

TeopeMa 1.11. IJycmb L — caMoconpHMceHHoe pacmupenue MunuMaAbnoso onepamopa L m , a 
W 2U — nodnpocmpaHcmeo e W 2 , cocmonv^ee U3 gjynKyuu, nomopue ydoeAemeopsitom npaeeuM 
ycAoeuMM nyAeeozo nopndKa (uMemmcn e eudy npaeeue ycAoeun euda (|1.6|) . nopooicdawu^ue 
pacmupenue L) . Tozda 

V(L) = {yeWl u \l(y)eL 2 }, (1.17) 
zde paeeucmeo —y" + q(x)y = f(x) G L 2 noHUMaemcn e CMUCAe meopuu pacnpedeAeuuu. 
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Proof. 3aMeTHM, hto Bee caMOConpaxceHHbie paciniipeHHfl L m nojiyorpaHHHeHbi, Tax KaK L m 
nojiyorpaHH^eH h ero HH^eKCbi ,a,e(peKTa kohbhhm. He orpaHHHHBaa o6ihhocth, CHHTaeM, hto 
L > 0. Tor^a C D^L 1 ' 2 ), a noTOMy D(L) C W\ v . YcjiOBHe l(y) G L 2 cjie^yeT H3 

onpe^ejieHna onepaTopa L. Teopeivia ^OKa3aHa. □ 

3aMenaHHe 1.12. Onpedejienue (|1.17|l o6jiacmu enojme cozjiacyemcsi c 

onpedejienueM (jl.2(l . fleucmeumejihuo, ecjiu 

—y" + q(x)y = -(y [1] Y - u(x)y [1] - u 2 (x)y = f(x) G L 2 , 

mo (y' 1 ')' G Li[0, 7r] 7 a nomoMy y^ G Wl[0, vr]. 5 Hacrrmocmu, npu y G UHmespupoeanue 
no nacmfiM e ()1.14|) siejisiemcsi KoppenrnHUM. 

ripeflJIOJKeHHblH MeTOfl KBaflpaTHHHblX (pOpM MCOKeT 6bITb TaKJKe HCnOJIb30BaH H flJIJI 

onpeflejieHHa onepaTopoB c KOMnjieKCHbiM noTeHipiajiOM-pacnpeflejieHiieM q(x). O^HaKO stot 
MeTOfl He flaeT onpe^ejieHHa onepaTopoB c npoH3BOJibHbiMH peryjiapHbiMH (hjih 6ojiee oSihhmh) 
KpaeBbiMH ycjiOBHaMH, a tojibko KpaeBbiMH ycjiOBiiaMii, KOTopbie HBjiaiOTca noflHHHeHHbiMH 
B03MymeHnaMH caMOConpa»ceHHbix. B cjiynae KOMiuieKCHOH (pyHKHHH u(x) paBeHCTBO ()1.14|1 
cjie^yeT 3anncaTb b BH^e 

(J(v)>y) = (y',y') - (u(x)y,y') - (u(x)y',y) + (y v ,y A ). 

3to paBeHCTBO no3BOJiaeT accoiniHpoBaTb c ^HCpcpepeHiniajibHbiM Bbipa>KeHHeM l{y) 
KBa^paTHHHyio (popiviy 

C(y,y) = {y',y') - {u{x)y,y') - (u(x)y',y) + {Ay A ,y A ), 

rpp A — npoH3BOJibHaa KOMnjieKCHaa MaTpnua pa3Mepa 2x2. 3^ecb npe^nojiaraeTca, hto 
(popivia C(y,y) onpe^ejieHa Ha npocTpaHCTBe W^u- 3 Ta KBa^paTHHHafl (popivia He HBjiaeTca 
BemecTBeHHOH, ho OHa ceKTopnajibHa h aBjiaeTca e-no^HHHeHHOH (popivie (y 1 , y') npn jiioSom 
£ > 0. Cjie^OBaTejibHO (cm. Tji. 6.2]), cymecTByeT MaKCHMajibHbra ceKTopHajibHbiii 
onepaTop L, nopojK^aioiHHH 3Ty (popiviy. IlpoH3BOJibHbie pacinnpeHHa L, nojiyneHHbie b 
npeflbi^ymeM nyHKTe, He MoryT nojiynaTbca Ha stom nyTH. Bojiee tohho, bthm MeTO^OM 
nojiynaiOTca Te onepaTopbi L H3 TeopeMbi 1 1 . B| fljia kotopmx paBeHCTBa Uj(y) = 0, j = 1,2, 
BjieKyT B03MO>KHOCTb npeflCTaBjieHHa 

(y v ,y A ) = (V,y A )- 
1.4. MeTOfl MyjibTHn jiHKa.TopoB . IlycTb q(x) G V, a y G V. Tor^a 

£(v, y) = i-y" + q( x )y> v) = (y f , y') + (q( x )y, v)- 

Ecjih cnpaBe^jiHBa oueHKa 

\(q(x)y,y)\^e(y',y') + M(y,y), M = M(e), (1.18) 

to KBa^paTHHHaa (popivia ceKTopnajibHa h 3aMbiKaeivia, npnneM o6jiacTb ee 3aMbiKaHHa 
coBna^aeT c npocTpaHCTBOM w\- B stom cjiynae c (popMofl C mojkho accoHiinpoBaTb onepaTop. 
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EcTecTBeH Bonpoc: pjisi kskhx cpyHKnnn q(x) G T>' oneHKa (ll.lSjl cnpaBe/iJiHBa? J\jih OTBeTa Ha 
Hero nojie3HO bbccth cjieflyiomee noHirrne. cDyHKnnio q(x) G D 1 Ha30BeM MyjibTHnjiHKaTopoM 
H3 npocTpaHCTBa w\ b /xyajibHoe npocTpaHCTBO W 2 , ecjiH 

\(q(x)y,y)\^C\\y\\l 2 , \/y G V, (1.19) 

r^e nocToaHHaa C He 3aBHCHT ot y, a || • ||i 2 — HopMa b jy 2 . OneBHflHO, MyjibranjinKaTopbi 
o6pa3yiOT jinHeinioe npocTpaHCTBO c hopmoh ||g|| = inf C, r^e HHCpnHyM SepeTca cpe^,H 
nocToaHHbix C b (I1.19J) . 3to npocTpaHCTBO o6o3HannM nepe3 M[l]. B CTaTbe [2Z| noKa3aHO, 

HTO W 2 ~ l C M[l], a B CTaTbe [2] JJ,OKa3aHO paBeHCTBO M[l] = W 2 H BKBHBajieHTHOCTb HOpM B 

3thx npocTpaHCTBax. Xotji b pa6oTax (2jj h [2] paccMaTpnBaiOTca onepaTopbi Ha Bceii npaMofi 
M (h hx MHoroiviepHbie o6o6meHHH b M. n ), ^OKa3aTejibCTBa He MeHaiOTca npn nepexo/ie Ha 
KOHeHHbiii HHTepBaji. B Hanieivi cjiynae cnpaBeijjiHBOCTb BKjnoneHHa W 2 X C M[l] oneBHijHa b 

CHJiy OH,eHKH 

\(l(x)y,y)\ ^ \(q(x),yy)\ «C ||g||-i, 2 ||yy||i,2 < 1 1 ^ 1 1 — 1,2 1 1 2/ 1 1 f , 2 , V G V. 

,ZIajiee, 3aMeraM, hto rjiajj,Kne cpyHKHnn cp G T> njiorabi b npocTpaHCTBe W 2 = M[l), 
cjie^OBaTejibHO, jijisi jnoSoro MyjibTHnjiHKaTopa q G W 2 BbinojiHeHa oueHKa (|1.18jl . TeM 
caivibiM, fljia jho6oh q G W 2 onpe^ejieH onepaTop L, accoirnHpoBaHHbiH c cpopMoft 
C(y,y). OneBHflHO, 3tot onepaTop L coBnaijaeT c npe>KHHMH onpe,n;ejieHHHMH onepaTopa L, 
OTBenaiomero KpaeBbiM ycjiOBnaM /Inpnxjie 

j/(0) = y(7r) = 0. 

OflHaKO 3tot MeTOfl mcokho pacnpocTpaHHTb fljia onpe^ejieHHH onepaTopoB c 6ojiee o6ih,hmh 
KpaeBbiMH ycjiOBHaMH, xoTa KpaeBbie ycjiOBHa jih6o He SyijyT cpHrypnpoBaTb BOBce, jihSo 6y/ieT 
ojjho ycjiOBne HyjieBoro nopa^Ka. 

PaccMOTpHM no^npocTpaHCTBO W 2U C W 2 Kopa3MepHOCTH 1 hjih (cm. ()1.15|) . Ha stom 
noflnpocTpaHCTBe onpejj,ejiHM KBajxpaTnnHyio cpopMy 

C(y, y) = (y', y') + (q(x), yy), ye W^. (1.20) 

Ecjih W 2U = W 2 , to ycjiOBne y G W 2 BjieneT yy G W 2 . 3to cbohctbo coxpaHaeTca ,a,jia 

W 2U , ecjiH KpaeBoe ycjiOBne, nopojKiiaioiHee sto npocTpaHCTBO, HMeeT bhjj; y(0) = hjih 

2/(71") = 0, jihSo j/(0) — ay(n) = h a = ±1. Ilpn a ^ ±1 cpyHKirna yy G W 2V , r^e HH^eKC V 

03HanaeT HOBoe KpaeBoe ycjiOBne V((p) = (p(0) — \a\ 2 (p(n) = 0. H3 onpeflejieHHa cpopMbi ()1.20j) h 

BKjiioHeHHfl yy G W 2V cjie^yeT, hto (popMa C KoppeKrao onpe^ejieHa Ha W 2U , ecjin q G (W 2V )' 

— ^yajibHOMy npocTpaHCTBy k W 2V no OTHOineHHio k CKajiapHOMy npon3Be,zi,eHHio b L 2 . 

1 1 — 1 

IlpocTpaHCTBO V(Z 2 n M ee T Kopa3MepHOCTb 1 hjih 2 b W 2 y, noaTOMy W 2 (^yajibHoe k 

W\) HMeeT Kopa3MepHOCTb 1 hjih 2 b {W 2V )'. HanpHMep, b cjiynae W 2U = W 2 HMeeM 

(W 2 )' = W 2 X © D^, rjj;e 91 — ijByMepHoe no^npocTpaHCTBO, coia;ep>Kani;ee (pyHKHHOHajibi 

Fo(y) — Z/(0) h Fi(y) = y(n). ^yajibHbiM k npocTpaHCTBy W 2V c KpaeBbiM ycjiOBneM 

2/(0) — a 2 y(ir) = 6y^eT npocTpaHCTBO W 2 © 91, r^e o^HOMepHoe npocTpaHCTBO ¥1 cojj,ep>KHT 

(pyHKHHOHaji F{y) = a 2 y(0) + y(Tc). H3 njiOTHOCTn rjia^Knx (pyHKH,nn b W 2 x moxho BbiBecTH 

on;eHKy 

\{q,yy)\^e{y',y') + M{y,y), y G W^, 
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a noTOMy KBa^paTH^Haa (popMa (|1.20jl onpe^ejiaeT HeKOTopbiii ceKTopnajibHbiH onepaTop L. 

He^ocTaTOK TaKoro onpe^ejieHHa onepaTopa L coctoht b tom, hto mm He yKa3MBaeM aBHyio 
(popiviyjiy fljia KBajjpaTHHHOH cpopMM (|1.2()jl nepe3 peryjiapHyio cpyHKiniio u(x) = J q(£)d£. 
0,a,HaKO 3tot He^ocTaTOK mojkho HcnpaBHTb h HanHcaTb ABHyio (popiviyjiy, Hcnojib3ya 
npe^CTaBJieHne 

yy = (y- i>)v + ^(y - + 

r,n;e i/j = y(0) + 7r~ 1 (y('ir) — y(0))x. <DyHKHHH y — ip aHHyjinpyeTca Ha KOHHax OTpe3Ka, a noTOMy 
cnpaBe^jiHBO paBeHCTBO 

(q(x), yy) = -(u(x), [yy - xpip]') + (q(x),ipip) = -(u(x), (yy)') + (u(x), (iH>Y) + (q, ipip), 

npn 3tom Bbi6op 3HaneHHH (q, tptp) Haxo^HTca b Harnett BjiacTH. Hecjio>KHO BHfleTb, 
hto onHcaHHbift MeTOfl no3BOJiaeT onpe^ejiHTb TaKOH me Kjiacc onepaTopoB, KaK MeTOfl 

KBa^paTHHHblX (pOpM. 

1.5 OGcyac^eHHe ycjiOBna Ha noTemniaji q(x). Bo Bcex npe^jio>KeHHbix MeTOijax 
onpe^ejieHna onepaTopa L (pHrypnpoBajio ycjiOBHe q(x) G W 2 ~ .Mm He bhjjhm bo3mo;>khocth 
nojiyHHTb noxojKHe pe3yjibTaTM, Hanpniviep, fljia (pyHKHiiii u(x) G L p , p < 2. IIocTaBHM 
cjie,a,yioiiniH Bonpoc: moxho jih onpe^ejiHTb onepaTop L fljia u(x) G L p , p < 2, c noMombio 
npe^ejibHoro nepexo^a? ToHHee, ecjin nocjie^OBaTejibHOCTb rjia^KHx cpyHKHiiii u £ (x) TaKOBa, 
hto \\u e — u\\l p — > npn e — ► 0, to Sy^eT jih cooTBeTCTByiomaH nocjie^OBaTejibHOCTb onepaTopoB 
L £ HMeTb CHJibHbifl hjih paBHOMepHbifi pe30JibBeHTHbiii npe^eji, He 3aBHCHiHHH ot BbiSopa 
nocjieflOBaTejibHOCTH u £ l IIoKaaceM, hto otbct Ha btot Bonpoc OTpHuaTejieH. ^ajiee HaM 
6y^eT y^o6HO BMecTO OTpe3Ka [0, 7r] paccMaTpHBaTb OTpe30K [—1, 1]. 

Ilpe^jio^eHHe 1.13. PaccMompuM nocAedoeameAbHocmb nomem^uaAoe 

{0, ecAu x G [—1, — e] U [e, 1]; 

e -3 / 2 , ecAu x G ( — £, 0); (1-21) 
— e -3 / 2 , ecAu x G (0, e). 

na ompe3Ke [—1,1]. UocAedoeameAbHocrtib onepamopoe RlmypMa-JIuyeuAAM L £ c 
nomeni^uaAaMU q £ (x) u epauuHHUMU ycAoeunMU JJupuxAe y{— 1) = y(l) = UMeem 
npedeA e cmucab cuAbnou pe30AbeeHmHou cxoduMOcmu. IJpedeAbHuu onepamop L 3adaemcH 
ducficfiepem^uaAbHUM eupamcenueM 

2 

-y" - 2 S ( x )y 

u KpaeeuMU ycAoeuHMU JKipuxAe. 

Proof. OTMeTHM, hto noTeHHHajiM BHija (|1.21|) hohbhjihcb b cbh3h c 3a^aHen onpe^ejieHHa 
onepaTopa IIlTypMa-JlHyBHjiJiH c noTeHiniajiOM 5' (cm. |53|)). HaM HyatHO ,a,OKa3aTb cnjibHyio 
pe30JibBeHTHyio cxo^hmoctb 

+ q £ (x) — *Lq\= -— -\8{x). 



dx 2 e~*o dx 2 3 

B CHjiy BemecTBeHHOCTH noTeHn,Hajia, onepaTopM L £ , s caMoconpfl>KeHHbi. TaKHM o6pa30M, 
,a,ocTaTOHHO ^OKa3aTb cnjibHyio cxoflHMOCTb pe30JibBeHT R £ (X) — > Ro(\) fljia A G C\R (Ha 

caMOM flejie, flocTaTOHHO ia;0Ka3aTb sto cooTHonieHne ^Jia A = i h A = — i (cm. Q.5J)). 
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IlycTb (p E (x) h ij} £ (x)- napa peineHHH o^Hopo^Horo ypaBHeHHa 

-y" + u' £ (x)y = Xy, 

TaKHX, *ITO 

<p e {-l) = l, ^ 1] (-1) = 0; &(-l) = 0, 1>P{-1) = 1. 

3^ecb KBa3nnpoH3BOflHbie noHHMaiOTca b CMbicjie paBeHCTBa (|1.9j) . Ilpn £ = nojiaraeM 
it'o(x) = -2/3<5(x). 
<J>yHKHiia 

= / Mx)MO - M*)<p*(Z))f(Z)<% (i-22) 

o 

yflOBJieTBopaeT pe30JibBeHTHOMy paBeHCTBy 

-y" + <(x)y - Ay = /(x) G L 2 [0, tt] (1.23) 

(cm. ^OKa3aTejibCTBO Teopeivibi II .9|) . OSmee peineHne ypaBHeHHa (|1.23jl HMeeT bh,h; 

y £ (x) = z e (x) + ai<f £ (x) + a 2 f £ (x). 

IloflCTaBHB ero b KpaeBbie ycjiOBHa, nony^HM 

y £ (-l) =a 1 = 0, y £ (l) = z e (l) + a 2 ^ e {l) = 0, 

T.e. a 2 = —z £ {l)/ip £ {l). IloKa>KeM, hto 

\\<p e {x) - Mx)\\l 2 {-i,i] + ||Vfe(aO -^o(^)||l 2 [-i,i]^0- (1-24) 

Tor^a H3 cpopiviyjibi ()1.22|) cjie^yeT ||-2 £ (x) — ^qC 37 ) Ilia — 0, a nosTOMy |a 2 (e) — a 2 (0)| — >0 h 

||y £ (x) — yo(a;)||L 2 — >0. TaKiiM o6pa30M, ,a,OKa3aTejibCTBO cbo^htch k npoBepxe cooTHOineHHa 

(|1.24|) . YHHTbiBaa npocTOH bh,h; noTempiajiOB q £ (x), 3to cooTHOineHHe mojkho flOKa3aTb 
npaMbiMH BbiHHCJieHHaMH, ho fljia Toro, mto6m H36e>KaTb yTOMHTejibHbix noflcaeTOB, mm 
,o,OKa>KeM ero flpyroiM cnocoSoM. 

IlycTb 

D, npn x G [—1, — e] U [e, 1]; 

q £ (t)dt = ^ e~ 3/2 (x + e), npn x G [— e, 0]; 

£^/ 2 (£ — x), rrpHxG[0,e]. 

0, npn x G [—1, — e]; 

. , _ , l/3^ 3 (x + e) 3 , npn x G [-£,0]; 

- l ' "- {t) '"-\ 2/3 + l/3 £ - 3 (x-e) 3 , n P HxG[0,£]; 

2/3, npn x G [e, 1]. 

Ilpn e > ot ypaBHeHiia 1)1.23)) mojkho nepeflTH k cncTeMe flByx ypaBHeHHH nepBoro nopa^Ka 
c noMom;bio 3aMeHbi 

yiA x ) = ys( x )> 

V2,e(x) = y' £ (x) + (v e (x) - u £ (x))y £ (x) 



06o3HanHM TaK>Ke 



x 
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(Taxaa 3aMes:a aBjiaeTca Ha caMOM ^ejie iiobtophoh peryjiapH3an,Heii flHCpcpepeHipiajibHoro 
Bbipa>KeHHa l|().lj) (cm. §4 HacToameii paSoTbi)). CncTeMa 6y,a,eT HMeTb bh/i, 



Vi \ _ ( Ue-Ve 1 \ f yi 

y 2 ) \ -A + 2v £ u £ - v 2 £ v £ - u £ ) \ y 2 

IlpH e — > BHflHM, HTO b npocTpaHCTBe Li[— 1, 1] 

2 4 

tt e (a;) -> 0, u e (:c) -> u 6 (a?) -> u £ (x)v £ (x) -> 0, 



(1.25) 



r^e x( x ) — (pyHKH,H3 XeBHcan^a. Tor^a MaTpnubi cncTeivibi l|1.25jl cxo,naTca k MaTpnue 

_2„ 

3' 



k(^) i 



-A-(|x(x)) 2 |x(x) 



(1.26) 



B CHjiy TeopeMbi ll.21 peineHne chctcmm (|1.25l) cxo^htch b npocTpaHCTBG Wj [— 1, 1] k peineHHio 
CHCTeMbi c MaTpHn,eii (ll.26j) . OcTaeTca 3aMCTHTb, hto nepBaa KOMnoHeHTa BeKTopa pemeHHa 
TaKoii CHCTeMbi ecTb peineHne ypaBHeHiia 

-y" - ^i x )y = x y 

C COOTBeTCTByiOIU,HMH HaaajIbHblMH yCJIOBH3MH. □ 

HTaK, mm noKa3ajiH, hto cmibHbiM pe30JibBeHTHbiM npe^ejiOM nocjieflOBaTejibHOCTH 
onepaTopoB UlTypMa-ilnyBHjiJia c noTeHiniajiaMH (|1.21j) h rpaHHHHbiMH ycjiOBHaMH /InpHxjie 
6y^;eT onepaTop c noTemxHajiOM — ~8(x). C flpyrofi ctopohm, ohcbh^ho, hto u e (x) — > b L p 
npn p < 2. TaKHM o6pa30M, pe30JibBeHTHbin npe^eji onepaTopoB L £ (ecjin oh cymecTByeT) 
3aBHCHT ot BbiSopa nocjie^OBaTejibHOCTH u e (x) ecjin cxo^HMOCTb noHHMaeTca b L p npn p < 2. 
3to kohchho He 03HaaaeT, hto onpe^ejiHTb onepaTop UlTypMa-JIyBHjuia c noTeHipiajiOM 
q(x) = u'(x), u{x) ^ L 2 HeB03MO>KHO. J\jih "pa3yMHoro" onpe^ejieHHa Taiarx onepaTopoB 
Heo6xo^HMO npHBJieKaTb flonojiHHTejibHbie coo6pa>KeHH5i (nMeHHO Ha TaKOM nyTH b § 4 
HacToameii paSoTbi onpe,u;ejiaiOTca onepaTopbi c noTeHiniajiaMH BH^a x a ). Ecjih jkc tobophtb 
06 onpe^ejieHHH TaKHx onepaTopoB nocpeflCTBOM npe^ejibHoro nepexo^a, to fljia KoppeKTHOCTH 
SToro cnocoSa Heo6xoflHMO M pa3yMHbiM o6pa30M M cy3HTb Kjiacc nocjie^OBaTejibHOCTeH rjia^KHx 
(pyHKn,HH npnSjiHJKaiomHx noTeHiniaji, HTo6bi H36e>KaTb Heo^HOSHaaHOCTH b npe^ejie. 

1.6. ripHMepti. KjraccHaecKHMH npnMepaMH noTeHiniajiOB-pacnpe,i],ejieHHH, KOTopbie 
6buiH paHee H3yaeHbi, aBJiaiOTca q(x) = 5(x — Xq) h q(x) = l/(x — Xq), r^e Xq G (0, 7r). 
ripHBe^eM flpyrne npHMepbi. 

IlpHMep 1. l(y) = —y"+ s l?cf y, x G [—1,1]. C noMombio KaHOHHaecKoii peryjiapH3an;HH 
(cm. |lfl|). (pyHKiniaM ^jfpr mojkho conocTaBHTb o6o6iii;eHHbie (pyHKii^HH, npn a 7^ 2,4,6,.... 
Ilpn a < 3/2, nojiyneHHbie o6o6meHHbie (pyHKii^HH aBJiaiOTca o6o6m;eHHbiMH npon3BOflHbiMH 
(pyHKii;HH H3 L 2 h 3HaanT mojkho onpeflejiHTb onepaTop, 3a^aBaeMbiH BbipajKeHneM l(y). 3tot 
onepaTop npn q^I onpeflejiaeTca cjieflyiomHM o6pa30M. 

signx y, 
l(y)EL 2 , y(±l)=0 

y(x) - y(0) (l + (^fp^ lxl 1 -") G W?[-l, 1] 
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3^ecb npe^nojiaraeTca, hto l(y) G L 2 Ha Ka>K,a,OM H3 HHTepBajiOB (—1,0) h (0,1). Ilpn a = 1 
nocjie^Hee cooTHOineHiie Hy>KHO 3aMeHHTb cjieflyioinHM 

y(x) -y(0)(l + x\n\x\) G W 2 [-l,l}. 

TaKoe me onpeflejieHne onepaTopa L npii a — 1 ^aHO b [14], [15]. 

IlpHMep 2. IlpefljiojKeHHbiH MeTOfl no3BOJiaeT onpe^ejiHTb onepaTop niTypMa-JInyBHJuia ,zijia 
noTeHirnajiOB q(x), HMeiomnx CKOJib yro^HO BbicoKyio CHHryjiapHOCTb bo BHyTpeHHen TOHKe, 
npH ycjiOBHH, hto CHjibHbiii pocT noTeHirnajia KOMneHcnpyeTca cnjibHoii ocirHjiJiainieii. B 
KanecTBe npniviepa nojio>KHM q(x) = x~ 3 (expx~ 4 ) sin(exp x~ A ), x G [—1, 1]. HivieeM 

nosTOMy onepaTop niTypMa-JInyBHJuia ,ziJia TaKoii (pyHKnnn q(x) BnojiHe onpe^ejieH. 

§2. AcHMIITOTHKa co6cTBeHHbix 3HaHeHHH H co6cTBeHHbix 
(J)yHKii,HH rjisl peryjiapHbix KpaeBbix ycjiOBHH 

3flecb mm nojiy^HM acnMnTOTnnecKHe (popMyjibi ,a,jia penieHHii ypaBHeHna 

-y" + q(x)y = Xy (2.1) 

npn q{x) G W^ 1 , nojib3yacb kotopmmh HafifleM rjiaBHbie HJieHbi b acnMnTOTnnecKnx (popiviyjiax 
fljia coScTBeHHbix 3HaneHHii h coScTBeHHbix (pyHKn,HH nocTpoeHHoro b § 1 flH(p(pepeHn,HajibHoro 
onepaTopa L = —d 2 /dx 2 + q c peryjiapHbiMH KpaeBbiMH ycjiOBnaMH. B fleiicTBHTejibHOCTH, b 
nojiyneHHbix b stom naparpa(pe acHMnTOTHKax ,a,jia penieHHii Bbi^ejieHbi He TOJibKO rjiaBHbie, 

HO H BTOpbie HJieHbl. HlVieHHO B 3TOM COCTOHT TeXHHHeCKaa CJIOJKHOCTb COOTBeTCTByiOmHX 

pe3yjibTaTOB. O^HaKO, 3anncb BTopbix njieHOB b acHMnTOTHKax coScTBeHHbix 3HaneHHH h 

C06cTBeHHbIX (pyHKITHH npHBOflHT K rpOM03flKHM CpOpMyjIHpOBKaM. <I>OpMyjIHpOBKH MOJKHO 

ynpocTHTb, ecjiH orpaHHHHTbca KpaeBbiMH ycjiOBHaMH nacTHoro BH^,a. 3Ty paSoTy mm 
npoBe^eM b §3, a 3,a,ecb, fljia oSinnx ycjiOBHii, orpaHHHHMca rjiaBHbiMH HjieHaMH. B KOHne 
SToro naparpacpa mm ^OKa>KeM TeopeMy o 6a3HCHOCTH Pncca coScTBeHHbix h npHCoe^HHeHHbix 
(pyHKnnn TaKHx onepaTopoB. 

2.1. 06o3HaHeHHH. ^OKa3aTejibCTBO pe3yjibTaTOB SToro naparpacpa noTpeSyeT cepbe3Hoii 
TexHnnecKon paSoTbi. JJ,Jin y^oScTBa 3anncn Sy^eM ncnojib30BaTb cjie^yiomne o6o3HaneHH5i: 

X X 

b(c, x, A) : = J u(t) sin(2c + 2\ 1/2 t)dt, a(c,x,\) := J u(t) cos(2c + 2\ 1/2 t)dt, 





X X 



B(c,x,X):= J u 2 (t)sm(2c + 2X 1/2 t)dt, A(c,x,X):= J u 2 (t) cos(2c + 2X 1/2 t)dt, 





X t 



U(x) := J u 2 (t)dt, w(c,x,A):= J J u{t)u{s) cos(2c + 2A 1/2 t) sin(2c + 2X 1/2 s)dsdt, 



00 
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v(c, X, A) := b(c, x, A) + -\~ 1/2 U(x) + 2w(c, x, A) - -A~ 1/2 A(c, x, A), 
T(c, A) := sup ( |6(c, x, A) | + |a(c, ar, A| + 2|w(c, x, X)\ + h\-i/*A{c,x,X)\) + \\\- 1/2 \ 



2'" ' " U ^r 

^ajiee mm Sy^eivi npoBO^HTb ohchkh b KOMimeKCHoii A-njiocKOCTH BHyTpii o6jiacTeii, 
orpaHHHGHHBix napa6ojiaMH 

P a = {A G C | Re A > 1, | Im VX| < a}, 

a b z-njiocKOCTH (z = Va) BHyTpii nojiynojioc 

rio; = {z G C I Rez>l, |Im,z|<a}. 

Bciofly flajiee, paccMaTpHBaa (pyHKiniio 2; = V% no,a,pa3yMeBaeM Bbi6op ee rjiaBHOH bgtbh, 
npHHHMaiomeH nojicoKHTejibHbie 3HaneHH5i npn A > 0. 

BBe^eHHbie Bbiine (pyHKiniH Sy^yT ynacTBOBaTb b acHMnTOTHKax peineHHH, npnneM T 2 (A) 
6y^;eT cjiy>KHTb fljia oueHKii ocTaTKOB. QyHKHHio T(A) mojkho 3aivieHHTb 6ojiee npocTbiM 
BbipajKeHueM 



Ti(A)= sup (|6(c,x,A)| + |a(c,x,A)|) + |Ar 1/2 | 



|2 

^2> 



TaK KaK BHyTpH napaSoji P a jierKO nojiyniiTb oueHKy 

Ti(A) ^ T(A) < MTi(A) 

c nocToaHHofi M, saBHcameft tojibko ot«h u(x). HaM, o^HaKO, 6y^eT yn;o6Hee onepupoBaTb 
c (pyHKipieH T(A). 

IlOJIOJKHM 

wl[0M = {f(x)\ f(x) e [0, it], /(0) = /(tt) = 0}, 
r^e W / 2 1 [0,7r] = W^ 1 — co6ojieBCKoe npocTpaHCTBO. Hepe3 

Wi = \W*,L 2 ) e , <1, 

oGosHaaaeM HHTepnojiflH,HOHHbie npocTpaHCTBa. Otmbthm (cm., HanpHMep |22| rji. 4.3.3]), hto 
W% = W2 n P H ^ # < 1/2. Hepe3 l 9 p o6o3HaHHM npocTpaHCTBa nocjieflOBaTejibHOCTefi 



l l = \ x = ( x uXz,x 3 , . . .) 



\ x \\e,p 



n=l 



IlocjieflOBaTejibHOCTb ToneK {z n } Ha30BeM necsymawmeucsi, ecjiu HafifleTca hhcjio N TaKoe, 
hto BHyTpii juoSoro Kpyra K(z, r) c ueHTpc-M b tohkc z (pHKcnpoBaHHoro pa^nyca r jie>KiiT He 
6ojiee N ToneK nocjie^OBaTejibHOCTH (N = N(r) He 3aBHCHT ot z G C). 

2.2. AcHMiiTOTHKa cpyHKi^HH IIpKKpepa. Mm y>Ke noKa3ajin b § 1, hto ypaBHeHne ((23} 

MffiKHO 3anHCaTb B BH^e CHCTeMbI 



Vi\ u 1 W yt 



y 2 J \ -\-u 2 -u ) V y 2 



V\ = y, V2 = V - u(x)y. (2.2) 
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CflejiaeM 3aMeHy 

yi(x, A) = r(x, A) sin8(x, A), y 2 {x, X) = X^r(x, X) cos9(x, X) (2.3) 

(ee mojkho TpaKTOBaTb KaK nepexo^ k o6o6meHHbiM nojiapHbiM KoopfliiHaTaivi) , KOTopaa 
HBjiaeTca MO^HCpHKanneH 3aMeHbi Ilpiocpepa (cm. |37j). Tor^a CHCTeMy (12. 2j) mojkho 3anHcaTb 

B BH^e 

r' sin 9 + r#' cos 9 = ursin9 + X?r cos9, (2 4) 

A^r' cos# — X^r9' sm.9 = — Xr sin 9 — w 2 r sin 9 — X^ur cos 9, 

rpp r = r(x, A), 9 = 6(x, A), u — u(x), a npon3BOflHbie cpyHKniiH r m 9 6epyTca no nepeivieHHOH 
x. Ymhojkhm nepBoe ypaBHeHHe b (|2.4j) Ha A 2 cos 9 h bbihtcm BTopoe ypaBHeHHe, yMHO>KeHHoe 
Ha sin#. B pe3yjibTaTe nojiynnM ypaBHeHHe rjisi cpyHKniiH 9(x, A) 

9'(x, A) = As + A - sin 2 9{x, A) + u{x) sin2#(x, A). (2.5) 

Ecjih mm cjiojkhm nepBoe ypaBHeHHe b (|2. 4)1 . yMHO>KeHHoe Ha A 2 sin^ co btopbim ypaBHeHneM, 
yMHO>KeHHbiM Ha COS6 1 , to nojiyHHM ypaBHeHHe Ha (pyHKiniio r(x, A) 



r'(x, A) = — r(x, A) 



u(ac) cos 29(x, A) + -A -1/ V(a;) sin 29(x, A) 



(2.6) 



TaKHM o6pa30M, ot CHCTeMbi ()2.2|1 mm nepenijin k CHCTeMe ^Byx ypaBHeHHH ()2.5|) . (|2i 
3th ypaBHeHna He aBJiaiOTca jiHHenHbiMH. Ho ^octohhctbo hoboh CHCTeMbi coctoht b tom, 
hto ypaBHeHHe (J2.5|) He co,a,ep>KHT Hen3BecTHOH cpyHKnrra r(x, A) h flBjiaeTCH He3aBHCHMbiM 
,i],H(p(pepeHH,HajibHbiM ypaBHeHneM Ha cpyHKnnio 9(x, A). Hania 6jiHJKaHHiaa nejib — HaiiTH 
acHMnTOTH^ecKHe npeflCTaBJieHna ^Jia cpyHKnrm 9(x, A) h r(x, A). 3th cpopMyjibi 6y,n;yT 
nojiyneHbi b HHJKecjieflyroinrix JieMMax. IlepBaa H3 sthx jieMM aBJiaeTca KJnoneBOH. Ha 
Heii 6a3npyiOTca pe3yjibTaTbi KaK HacToamero, TaK h cjie^yioni;ero naparpacpOB. /Jajiee 6e3 
HanoMHHaHHH Hcnojib3yeM BBefleHHbie b n.2.1 o6o3HaHeHHH. 

JleMMa 2.1. IJycmb a > — npou3eoAt>Hoe (fiuKcupoeauHoe hucao, P a — o6Aacmb, 
ospaHuueHHasi napa6oAou | Imv^A| < ot. Tosda cyu^ecmeyem hucao /i (saeucHu^ee moAtno om 
u(x) u a) maKoe, umo npu ak>6ux c G IR u X G P a , Re A > /i, ypaenenue ()2.5|) UMeem 
eduHcmeeHHoe peiuenue 9(x,X), onpedeAenuoe npu ecex ^ x ^ ix u ydoeAemeopniou^ee 
nanaAbHOMy ycAoeuto 9(0, A) = c. 3mo peiuenue donycnaem npedcmaeAenue 

9(x, A) = c + A 1/2 x + b(c, x, A) + ]-X- 1/2 U(x) + 2w(c, x, A) - ]-X- 1,2 A(c, x, A) + p(c, x, A), (2.7) 
sde 

\p(c,x, A)| < MT 2 (A), AG P A , ReA>/i, 
npuneM nocmonnnasi M 3aeucum om u(x) u a, ho ne 3aeucum om c, x, X. 

Proof. Pa3o6beM ero Ha HecKOJibKO STanoB. 

dman 1. nepennnieM ypaBHeHHe (|2.5j) b HHTerpajibHOM BH^e 



9( X ,X) = c + X 1/2 x+ I u(t) sin 29 (t, X)dt + ^X~ 1/2 / u 2 {t)dt - ^A~ 1/2 / u 2 (t) cos29(t, X)dt. 

(2- 
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06o3HanHM npaByio *iacTb SToro ypaBHeHPia nepe3 F{9) h 6y,a,eM peniaTb sto ypaBHeHHe 
MeTOflOM nocjie^OBaTejibHbix npn6jni}KeHHH. 

6 {x,X) =c + A 1 / 2 x, 

X 

6\(x, A) = F(6 ) = 9 (x, A) + / u{t) sin 20 o (t, X)dt+ 

o 

+ \\~ l/2 J u 2 (t)dt - \\- 1 / 2 J u 2 (t) cos 20 o (t, A)tft, 



hjih, Hcnojib3ya BBefleHHbie o6o3HaHeHHa, 

0i(x, A) = o (z, A) + 6(c, ar, A) + ^\- 1/2 U(x) - ^\- 1/2 A(c, x, A). 

TJajiee mm BbinrniieM npii6jin>KeHne 02, BbmejniM b HeM cjiaraeMoe 2w(c, x, A), KOTopoe bxo,h,ht 
b npe^CTaBJiemie ()2.7|) 11 on;eHHM ocTaTOK. SaivieTiiM, hto 

|0i(x,A)-0 o (x,A)| ^T(A), 

npiraeM b CHjiy jieMMbi PmviaHa-ileGera T(A) — > npri A — > 00, A G P a . IIoBTOMy HaiifleTca 
^hcjio /i > 1 TaKoe, hto npH A G P a , Re A > /x BbinojiHfliOTca on,eHKn 



|sin2 (0! - O ) - 2 (0i - O )K 2T 3 (A) < T 2 (A), 
|cos2(0i-0 o ) -1| < 3T 2 (A). 

Bocnojib30BaBniHCb TpiiroHOMeTpHHecKHMii (popMyjiaMH 

sin 20i = sin 20 o cos 2(0 a - O ) + cos 20 o sin 2{0 1 - O ) 
cos 20i = cos 20 o cos 2(0i - 0„) - sin 20 o sin 2(0! - Q ) 

h HepaBeHCTBaMH (I2.9jl . nany^iiM 

|sin20i - [sin 20 o + 2(0 X - O ) cos20 o ]| < 4MiT 2 (A), 
|cos20i - [cos 20 o - 2(0i - O ) sin20 o ]| ^ 4MiT 2 (A), 



(2.9) 



(2.10) 



r^e Mi = ch27ia (sTa KOHCTaHTa B03HiiKaeT 113 oijeHOK |sin20 o | < M l7 |cos20 o | < Mi npn 
A G P a ). Tenepb nojiynaeM 

6 2 (x, A) = F{9 X ) = F(0 O ) + 2 j u{t) (0i (t, A) - 6 (t, A)) cos 20 o (t, X)dt- 

(2.11) 
-A" 1 / 2 J u 2 (t) (0x(t, A) - o (t, A)) sin20 o (t, X)dt + p(x, A), 




r^e ocTaTOK p(x, A) b ciuiy HepaBeHCTB (I2.1()j) no^HHHeH on,eHKe 

\p(x,X)\ ^2(2\\u\\ Ll + \\u\\ 2 L2 ) MiT 2 (X). 



(2.12) 



Btopoh HHTerpaji b npaBoii nacTH paBeHCTBa (|2.11l) ,a,onycKaeT aHajiornnHyio on,eHKy 



A~ 1/2 / u 2 {t) (0i (t, A) -0 o (*,A))sin20 o (t,A)dt 



c (\xr 1/2 \ 



u 



J MiT(A) < M X T 2 (A). (2.13) 
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Bmhhcjihm nepBbiH HHTerpaji. HivieeM 

x 

2 / u{t) (9i(t, A) - 9 Q (t, A)) cos29 (t, X)dt = 2w(c, x, X)+ 
o 

+A- 1 / 2 J u{t) cos 29 (t, A) / u 2 {s)dsdt - A~ 1/2 J u(t) cos 20 o (t, A) / u 2 (s) cos 2# (s, \)dsdt. 





(2.14) 



fljifl cyMMbi BToporo ii TpeTbero cjiaraeMbix b npaBofl nacTii HMeeM oueHKy 



A" 1 / 2 j u(t) cos 20 Q (t, A) / m 2 (s)(1 - cos 2# (s, A))dsctt 



|A| 



o o 



-1/2 



/ w 2 (s)(l - cos2# (s, A)) / w(t) cos2# (t, A)dtdf 



(2.15) 



^ (1 + Mi) lAI-^/lul^s)* 



sup 

s,a;g[0,7r] 



/u(t) cos29 (t,X)dt 



^2(l + Mx)T 2 (A). 



(2.16) 



TaKiiM o6pa30M jj;jih npiiSjinaceHHa ^(^, A) mm nojiyniijiii npeflCTaBJieHiie 

2 (£, A) = ^o(^, A) + v(c, x, A) + p 2 (x, A), 
r fl e |P2(^; A) | ^ MT 2 (A). 3HaueHHe hoctohhhoh M 3flecb mojkho yKa3aTb: 

M= (3 + 4||u|| Ll +2||u||y M x + 2, 

ho ,a,ajiee nepe3 M o6o3HaHaiOTC5i pa3JiHHHbie nocTOHHHbie, 3aBiicamiie tojibko ot u(x) h a. 

9man 2. 3,a,ecb mm noKaxceM, hto rjih cjie,a,yioiinix npii6jiH>KeHHH #3 11 84 cnpaBe^JiiiBO 
TaKoe »ce npeflCTaBJieHHe, KaK 11 ,zijih 82 ■ H3 npe^CTaBJieHna f)2.16|l HMeeM 

\9 2 (x, A) - 9 (x, A)| < T(A)(1 + MT(A)) < v^A), (2.17) 

ecjiii hhcjio fj, Bbi6paHO Tax, hto MT(A) < y/2-1 npii A G P a , Re A > fx. IloBTOMy cnpaBeflJiiiBM 
oueHKH f|2.10(l . b kotopmx 9 1 3aMeHaeTca Ha 9 2 , a hhcjio 4 b npaBofi nacTH — Ha 8. C noMombio 
3thx ohchok, TaKJKe KaK npn BMBOfle t)2. 1 lj) . nanyuaeM 



9 3 (x, A) = F(9 2 ) = F(9 ) + 2 J u(t) (9 2 (t, A) - 9 (t, A)) cos2# (t, X)dt+ 

(2.18) 
+A- 1 / 2 / u\t) (9 2 (t, A) - Q (t, A)) sin2# (t, X)dt + p(x 7 A), 


r^e ocTaTOK p(x, A) no^HHHeH oueHKe (J2.12D c 3aMeHoii 2 Ha 4. BTopoii HHTerpaji b npaBoii 
nacTH (|2.18jl on,eHHBaeTca TaKate, KaK b (I2.13J) . T.e. bcjihhhhoh 2MiT 2 (A). IlepenHHieM 
npe^CTaBJieHne (|2.16|) b BH^e 

9 2 {t, A) - 9 {t, A) = 9t{t, A) - 9 {t, A) + 2w{t, A) + p 2 (t, A). 

Tor^a nepBbiH HHTerpaji b npaBoii nacTH Ij2.18j) c yneTOM paBeHCTBa (|2.14|) h ohchok ()2.15|1 
npe^CTaHeT b BH^e 



2 Ju(t) {9 2 {t,X) - 9 {t, X)) cos29 (t, X)dt = 2w(c,x,X)+ 


X 

+4 / w(c, t, A) cos 29 (t, X)dt + p(x, A), 




(2.19) 
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r,a,e \p(x, A)| < MT 2 (A), M = const. ,H\jia ou,ghkh HHTerpajia b npaBOH Hacra (|2.19l) noMeHaeM 
nopa^OK HHTerpnpoBaHHH 

X X t s 

4 / w(t, A) cos2# (t, X)dt = 4 /// u(t)w(s)«(r) cos2# (t, A) cos2# (s,A) sin2# (T, X)drdsdt = 



o 







= 4/ m(t) sin 20 q (t, A) // u(t)u(s) cos26» (t, A) cos26> (s, X)dsdtdr, 
o D 

r^e BHyTpeHHHH HHTerpaji SepeTca no TpeyrojiBHHKy 

£> = G K| r < s < x, r ^ t < x, s < t}, 

KOTopbin cocTaBjiaeT nojiOBHHy KBa^paTa [r, x] x [r, x] . IIosTOMy BbinncaHHbin tpohhoh 
HHTerpaji OHeHHBaeTca bcjihhhhoh 



f u{t) sin 26> (r, A) J J u(t)u(s) cos 2# (t, A) cos 20 o (s, A) dsdtdr 



^ MT 2 (A). 



(2.20) 



| u(t) sin 2# (r, A) ([ u(t) cos 20 o (*, A)dt J dr 

TeM caMbiM, mm nojiynnjin npeflCTaBjieHne 

3 (a;, A) = 9 Q (x, A) + v(c, x, A) + p 3 (x, A), 

r#e |p 3 (x, A)| ^ MT 2 (A). 3aMeTHM Tenepb, hto HepaBeHCTBO (|2.17j) coxpaHaeTca c 3aMeHoii 6*2 
Ha 9s- Ho Tor^a moxho nojmocTbio noBTopnTb npoBe,a,eHHbie Ha stom STane paccy>KfleHHfl h 
nojiyHHTb fljia (pyHKnnn 9± (x, A) TaKoe jxe npeflCTaBJieHne, KaK n ,zijia 9s (x, A). OTCio^a TaKJKe 
BbiTeKaeT oueHKa 



\9 4 {x, A) - 9 3 (x, A)| + |0 3 (ar, A) - 9 2 (x, A)| ^ MT 2 (A), 



(2.21) 



KOTopaa noHa^o6HTca b flajibHeiinieM. 

9man 3. IloKa>KeM, hto npH6jiH>KeHHfl 9 n cxo,a,aTCfl k penieHHio 9 ypaBHeHna (I2.8JI . 06o3HanHB 
nepe3 F(9) npaByio nacTb ypaBHeHna (|2.8j) . nepennnieM ero b BH^e 



f = F(9 + f)-9 =:$(/), 



(2.22) 



r^e / = 9 — 9q. Bocnojib30BaBHiHCb tphtohomctphhcckhmh cpopMyjiaMH ^jia BbiHHCJieHHH 
Bbipa>KeHHa F(9q + f) — 9o, nojiynHM 

$(/) = $o + $i(/) + $ 2 (/) + $ 3 (/), 



r^e 



$o = / u(t)sm29 (t,X)dt- -X- 1 / 2 J u 2 {t) cos 29 (t, X)dt, = 2 J f(t)u(t) cos 29 (t, X)dt, 

o 2 o o 

X X 



$ 2 (/) = / M (t) cos 20 o (t, A) (sin 2f(t) - 2f(t)) dt + f u(t) sin 29 {t, A) (cos 2f(t) - 1) dt, 



' ' ' j(l -cos2f(t))u 2 (t)cos29o(t,X)dt + jsm2f(t)u 2 (t)sm29 (t,X)dt 
Lo o 



*s(/) = 2^ V2 
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IloKa>KeM, hto OTo6pa>KeHHe $ 2 flBjiaeTCfl OKHMaioiiniM b inape ^ocTaTOHHO Majioro pa^Hyca c 
n,eHTpoM b Hyjie (map paccMaTpriBaeTca b npocTpaHCTBe C[0, tt]). 3aMeraM, hto $o H e 3aBHCHT 
ot /, a $1 — jiHHeHHbiii onepaTop, npnneM 



X t 



$2/ = 4jJ u (t) cos 26 (t, \)u(s) cos 28 (s,\)f(s)dsdt 





x 



4 / f(s)u(s)cos29 (s,\) f u{t) cos 29 (t, X)dtds. 

s 



C jie^OBaTejibHO , 



||$?|| c ^8|H| il M 1 T(A). 
JX&jiee, HeTpy^HO BH^eTb, hto OTo6pa>KeHHe $2 oSjia^aeT cbohctbom 

\\Mf) ~ M9)\\c < M(\\f\\c + \\g\\c)\\f - g\\c, ecjin ||/|| c + \\g\\ c ^ 1. 

fljIH 0T06pa>KeHH5I $3 HMeeM 

||$3(/)-$3(^)||c^^ 1 / 2 M||/-^|| C , 

ecjin A G P a h Re A > /x. BbiSepeM Tenepb hhcjio /x CTOJib 6ojibniHM, a pa^nyc niapa r 
CTOJib MajibiM, hto Bee nonapHbie npoii3Be,zi;eHH5i 1 ^ J) & ^ 3, aBJiaiOTca OKiiMaiomiiMii 

OTo6pa>KeHH3MH b BbiSpaHHOM niape c K03(p(pHn,HeHTaMH OKaTiia He npeBocxoflain,HMH 1/18. 
C jie^OBaTejibHO , 

\\&(f)-&(g)\\ c t:l\\f-g\\ c , ecjin ll/Hc < r, \\g\\ c <r. (2.23) 

B HaCTHOCTH, 

\\®V)\\c < \\\f\\c+ ||$ 2 (0)||c < ~||/||c + MT(A). 

IlocjieflHee HepaBeHCTBO BbiTeKaeT 113 toto, hto ||$(0)||c = ll^ollc ^ H toto, hto 

OTo6pa>KeHHe $ orpaHiineHO HeKOTopoii KOHCTaHTofi M. YBejiiiHiiB, ecjin HyjKHO, hhcjio /x, 
mojkho floSnTbca BbinojiHeHiia on;eHKH T(A) < r/(2M). IIoBTOMy OToSpajKeHiie $ 2 nepeBOfliiT 
map pa^nyca r b ce6a. 

IIojiojkhm /o = 0. KBa^paT OTo6pa>KeHHH $ c>KHMaeT, a noTOMy nocjieflOBaTejibHOCTb 
f n = $(/„_i), n = 1,2, ... , cxo^HTca k penieHHio / ypaBHeHiia / = $(/). CorjiacHO (|2.22j) . 
nocjie^OBaTejibHOCTb # n = 9o+f n cxo^HTca k penieHHio 9 ypaBHeHiia 9 = F(9). CjieflOBaTejibHO, 

00 00 00 00 

0-02 = X>n + 1 " n ) = J2(f n+ 1 ~ fn) = j^C/s) " $ 2fc (/ 2 )) + $> 2fc (/4) - ^*(/s)). 
n=2 n=2 fc=0 fc=0 

IloBTOMy H3 on;eHOK ()2.23|) h (|2.2ip HMeeM 

|0 - 2 1 < 2|/ 3 - / 2 | + 2|/ 4 - / 3 | = 2|6» 3 -9 2 \ + 2\9 4 - 3 K MT 2 (A). 
3Ta on;eHKa, c yneTOM ()2.16|) BJieneT cnpaBefljiHBOCTb ()2.7|) . JleMMa ^0Ka3aHa. □ 
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JleMMa 2.2. TLycmb a > — npou3eoAbnoe (fiuKcupoeanHoe hucao, a P a — o6jiacmb, 
ospciHuneHHasi napa6oAou \lmy/X\ < a. Uycmb 6(x,X) — pemenue ypaenenuH (12.5)1 c 
nanaAbHUM ycAoeueM 9(0, A) = c 6 t. Tozda pemenue r(x, A) ypaenenuH (12.6)1 c uanaAbHUM 
ycAoeueM r(0, A) = C\ donycKaem npedcmaeAenue 



r(x, A) = ci 



l-a(c,x,X) - ^\- 1/2 B(c,x,\) 



+ p(c,x,X) XeP a , ReA>/i, (2.24) 



sde ocmamoK p(c, x, A) nodnuueH ov^euKe 

\p(c,x,X)\ a/T 2 (A). 
3decb (i u M — HucAa, 3aeucHiu,ee moAbKO om a u u(x). 
Proof. YpaBHeHne 1)2.6)1 peinaeTca hbho 



(2.25) 



r(x 



A) = ci exp J - J u(t) cos{29{t, X))dt - t^A~ 1/2 ^ u 2 (t) sin(20(t, A))tft 
JJpKaxeM on,eHKy 



(2.26) 



u(t) cos 29{t, X)dt — a(c, x, A) 



< MT 2 (A), A G P a , Re A > //. 



(2.27) 



Bhobb nojio>KHM ^0(^5 A) = c + A x / 2 x. B ciuiy jieMMhi l2~T1 Hivieeivi 

\9(x,X)-9 (x,X)\ «C T(A) + MT 2 (A) < 2T(A), A £ P a , Re A > /i, 

ecjiH hhcjio BbiSpaHO ^ocTaTO^HO Sojibihhm. Torjj,a c yneTOM 1)2.10)1 (r^e BMecTO 9\ 6epeM 9) 
nojiynaeM 



u(t) cos 29 (t, X)dt = a(c,x, A) - 2 / u(i) (0(t, A) - 6 (t, X)) sm29 (t, X)dt + p(c, x, X), 



rjj,e |p(c, x, A)| MT 2 (A). IIoKa>KeM, hto HHTerpaji b npaBoii nacra OHeHHBaeTca BejiHHHHoii 
MT 2 (A). H M ee M 



9(t, A) - 9 (t, A) = ^X~ 1/2 U(x) - ^A~ 1/2 A(c, x, A) + 2w(c, x, A) + b(c, x, A) + p(c, x, A), 

r^e \p\ ^ MT 2 (A). Tenepb HaM Heo6xo,a,HMO oueHHTb neTbipe HHTerpajia, b kotopbix BMecTO 
9 — 9 ynacTByeT jno6aa 113 (pyHKirnii npaBofi nacTH. OueHKa HHTerpajia c (pyHKHHeii X~ 1 ^ 2 U{x) 
npoBOflHTca TaiQKe KaK b p. 15)1 . OueHKa HHTerpajia c (pyHKHHeii X~ l l 2 A(c, x, A) npoBOJXHTca 
aHajiorHHHO. OueHKa c (pyHKHHeii w(c, x,X) npoBOJXHTca TaKJKe KaK b 1)2.20)1 . HHTerpaji c 
(pyHKHHeii b(c, x, A) npeo6pa3yeM k BH,zry 



x t 



u(t)u(s) sm29 (t, A) sin 29 (s, X)dsdt 



u(t) sin20 o (t, X)dt | ^-T 2 (c,A). 



o o 
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3,a,ecb mm BOcnojib30BajiHCb cbohctbom cnMMeTpnn no,a,biHTerpajibHOH cpyHKinin OTHOCHTejibHO 
^naroHajin s = t. 

TeM caMbiM, oneHKa (I2.27J) ,a,OKa3aHa. Ha TaKOM >Ke nyra (ho TOJibKO npome) nojiynaeTcn 
oneHKa 



A -l/2 



J u 2 {t) sin 26(t, X)dt - \- 1/2 B(c, x, A 



o 



< MT 2 (A). 



Cjie^OBaTejibHO, Bbipa^KeHne no^ 3H~aKOM SKcnoHeHTbi b (|2.26|) mojkho 3anncaTb b BH^e 
f(c, x, A) := a(c, x, A) — ^A _1 ^ 2 i?(c, x, A) + p(c, x, A). 

Bocnojib30BaBniHCb oneHKaMn 

|/|<MT(A), |p|<MT 2 (A), ex P / = l + / + 0(/ 2 ), 



nojiynaeM npe^CTaBJieHne 1)2. 24j) c oneHKon ocTaTKa ()2.25p . □ 

2.3. ACHMIITOTHKH Co6cTBeHHMX 3HaHeHHH II Co6cTBeHHbIX CpyHKI^HH. KaK 6bIJIO 

CKa3aHO b Hanajie SToro naparapacpa, fljia peryjiapHbix KpaeBbix ycjiOBHH o6mero Bn,aa mm 

OrpaHHHHMCa rjiaBHblMH HJieHaMH aCHMnTOTHK H OneHKaMH OCTaTKOB. 

HanoMHHM, hto onpe^ejieHHa npocTpaHCTB W21 h I2 Sbijih ^aHbi b n.2.1. 

JleMMa 2.3. Ilycmb Heczymawii^aHcn nocAedoeameAbHocmb KOMnjiencHux uuceji {z n } Jieotcum 
e noAoce |Im^| < a, zde a > — npouseoAbnoe hucao. Ilycmb onepamop T x : — ► l^, 
^ 6 < 1/2 onpedeAen paeencmeoM 



X 

T x f = K}£=i, sde c n = J f(t)e iZnt dt. 





Tozda npu ak>6om ^ 6 < 1/2 onepamop T x ospanuHen u ezo nopMa 3aeucum om 
nocAedoeameAbHocmu {z n } u 9 (ecAU 8^1/2), ho ne 3aeucum om x G [0,7r]. 

Proof. IlpH 6 = HMeeM W2 = L%- B btom cjiynae orpaHnneHHOCTb onepaTopa T 

H3BecTHa (cm., HanpnMep [Ej). Ecjih /(t) e y^fO' 71 "]? T0 HHTerpaji J f(x)e lZnX dx mojkho 



npoiiHTerpiipoBaTb no nacTaM n BOcnojib30BaTbca HepaBeHCTBOM \z n \ > 5 n (5 > He 3aBHCHT 
ot n), BbiTeKaioni;HM H3 onpe^ejieHHH Hecryinaroinenca nocjieflOBaTejibHOCTH. Tor^a nojiynnM, 
hto onepaTop 

T w : wl — > l\ 

orpaHHneH. H3 TeopeMbi 06 HHTepnojinnnH (cm., HanpnMep |221 rji. 1]) cjie^yeT, hto onepaTop 

T w : W e 2 -> 4 ^ ^ 1 

orpaHnneH. Ho npocTpaHCTBa W2 H ^2 n P H ^ # < 1/2 coBna^aiOT. KpoMe Toro, onepaTop 
yMHOJKeHHH Ha X[o,x] — xapaKTepncTnnecKyio (pyHKnnio OTpe3Ka [0, x] b npocTpaHCTBe W% npn 
^ 6 < 1/2 orpaHnneH n ero HopMa He 3aBncnT ot x (cm., HanpnMep, [HI TeopeMa 17.11]). 
SaBHCHMOCTB ot 6 HopMbi SToro onepaTopa cymecTBeHHa tojibko npn 6 — > 1/2. 3to BJieneT 
yTBepjK^eHne jieMMbi. □ 
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JleMMa 2.4. Ecau {z n }™ =1 - Heczyv^atomancH nocAedoeameAbHocmb nuceA e noAynoAoce 
U a , a (fiyHKVfUH u(x) G W 2 npu neKomopoM ^ 6 < 1/2, mo npu ak>6om c G R 
nocAedoeameAbHocmb {T(c, z 2 )}^ =1 G l 2 . 

Proof. H3 jieiviMbi 12.31 cjienveT 

{\a(c,x,zl)\ + \b(c,x,z 2 n )\}™ = i£ll 

npH^eivi Hopivia btoh nocjie^OBaTejibHOCTH b ^ He 3&bhcht ot x. IIpHMeHaa jieMMy 12.31 
k BHyTpeHHeMy HHTerpajiy b npe^CTaBjieHira (pyHKipiri w(c, x, A), nojiynaeM Taxxe 
{w(c, x, ^}^Li G HaKOHen,, 3aM6THM, *ito \z n \ > 5n npu HeKOTopoM 5 > fljia 

HecrymaiomeHca nocjieflOBaTejibHOcra {zn}$£Li h { n_1 }5£Li £ ^2 n P H ^ # < 1/2. OTCiOfla 
nojiynaeM yTBep>K,ii;eHHe jieMMbi. □ 

JleMMa 2.5. IJycmb u(x) = f q{£,)dl; G W 2 npt/ neKomopoM ^ # < 1/2. 06o3ho,hum 
nepe,3 A) u A) napy peuienuu ypaenenuM (|2.1jl . nodnuueHHUx nanaAbHUM ycAoeuMM 
$(0,A) = 1, $W(0,A) = 0, *(0,A) = 0, *W(0,A) = 1. TWa enympu ak>6ou napa6oAU P a 
cnpaeedAueu npedcmaeAenua 

$(x, A) = cos(A 1/2 x) + <f(x, A), A) = -A 1/2 sin(A 1/2 a;) + A 1 / 2 ^, A), 

A) = A" 1 / 2 siniA 1 / 2 ^) + \- l l 2 ^P(x } A), A) = cos(\ l ' 2 x) + A), 

(2.28) 

zde KdMcdan U3 q^yuKv^uu <p, <pi, if), ipi Maotcopupyemctt eeAUHunou MT(A) — > npu A — > 00, 
zde T(A) = T(7r/2,A). f? uacmuocmu, ecAU {z n } — neczyu^atou^aHCH nocAedoeameAbHocmb, 
Aemcamafi e noAynoAoce U a , mo nocAedoeameAbHocmb A n = z\ Aeotcum e P a , npu amoM 
{T(A ra )} E l 2 a nomoMy nocAedoeameAbnocmu {ip(x,X n }, {tpx(x, X n }, {ip(x,\ n }, {ipi(x, A n } 
npunadAeotcam npocmpancmey l 2 u ux uopjviu e amoM npocmpancmee ne 3aeucnm om x. 

Proof. CorjiacHO onpe^ejieHHio (12 .3j) (pyHKin™ Ilpiocpepa HMeGM 

A) = r(c\,x, A) sin6 l (c, x, A), A) = r(c\, x, A) cos 8(c, x, A). 

IlocTOHHHbie c, C\ onpe^ejiaiOTCfl H3 HanajibHbix ycjiOBHH 

1 = ci sin c, = c\ cos c, 

OTKy^a Haxo^HM c = ir/2, c\ = 1. 
B CHJiy jreMM l2~Tl n 12.21 hmccm 

A) = (1 + wifo A)) sin (f + \^ 2 x + u 2 (x, A)) = 
= cos (\ l l 2 x + cl> 2 (x, A)) + co>i(x, A) cos [\ l ^ 2 x + ^(x, A)) , 

r,a,e cpyHKipin |o>i|, \uJ2\ MaxcopnpyiOTca BejinnnHon MT(A). Tor^a cpyHKipia 
cos (A 1//2 x + u> 2 (x, A)) orpaHHneHa b o6jiacTH Pq,, o noTOMy cpyHKii;Ha A) — cos (A x / 2 x) 
MajKopnpyeTca bcjiiihiihoh MT(A). OcTaeTca BOcnojib30BaTbca jieMMofi 12.41 i3oKa3aTejibCTBa 
flpyrnx aciiMnTOTH^ecKiix (popMyji ()2.28ll aHajiorn^Hbi. □ 
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TeopeMa 2.6. Ilycmh u(x) G W 2 npu ueKomopoM ^ 9 < 1/2, a q(x) = u'(x) e cmucm 
meopuu pacnpedeAeuuu. nycmb L — nocmpoeuuuu e meopeMe \1.5\ onepamop, nopoMcdeuuuu 
du$g5epeuu ) uaA'bHUM eupaatceuueM —y" + q(x)y u pezyjinpnuMU KpaeeuMU ycAoeuHMU (m.e. 
eunoAueuo oduo U3 ycAoeuil l)-3) meopeMU 06o3uauuM uepe3 {A n }^L 1 co6cmeeHHue 

d 2 

3HcmeHUtt onepamopa L, a %epe3 {\®}?° =1 — co6cmeeHHue 3HaneuuH onepamopa L = — — 

(IX 1 

c manuMU CHce KpaeeuMU ycAoeuHMU, e Komopux Kea3unpou3eodHue 3aMeueuu ua o6uuuue 
npou36odHue. Jl^Jisi o6oux onepamopoe uyMepayuw co6cmeeHHUx 3uaneuuu npoeoduM e 
nopadKe eo3pacmauufi Modyjieii u c ynemoM a.nze6pauuecKou Kpamuocmu. Tozda npu 
donoAHumeAbHOM npednoAOCHceuuu ycuAeuuou pezyAHpuocmu Kpaeeux ycAoeuu cnpaeedAueu 

paeeucmea 

\A^= V^+Sn, n= 1,2,... , 2de {s n }™ =1 G f 2 . (2.29) 

IIpu neeunoAHeHuu ycAoeun ycuAeuuou pezyAsipuocmu paeeucmea ocmawmcH, uo ycAoeue 
{Sn}^ 3 ^ G l 2 3aMeuHemcH ycAoeueM {s^}^ =1 G l 2 . 

Proof. Ceflnac mm npoBe/xeM JxpKa3aTejibCTBO tojibko nacTii stoh TeopeMbi. A iiMeimo, 
npe^nojioiKHB, hto {A°}^ ( L 1 — Bee co6cTBeHHbie 3HaHeHiia onepaTopa Lq, mm noKaaceM, hto 
cymecTByeT cepua coScTBeHHbix 3HaneHHH {\ n }^L N , ^jia kotopoh cnpaBe^JiHBM paBeHCTBa 

y/K = v^+Sn, n = N, N + l,... , {s n }™ =N el 6 2 ( hjih {s 2 n }™ =N G l 6 2 ) . 
B ^eiicTBHTejibHOCTH, ^ihcjio ocTaBinHxca coScTBeHHbix SHa^eHHH onepaTopa L paBHO N—l hhx 

MffiKHO nOCTaBHTb BO BSailMHOO^HOSHa^HOe COOTBeTCTBIie C {\n}n=l- OflHaKO, ,H,OKa3aTejIbCTBO 

3Toro (paKTa y/xp6Hee 3flecb onycTHTb h npoBecTii ero b KOime naparpacpa. 

fljia onpe/xejieimocTii paccMOTpHM tojibko cjiynafi, Kor^a BbinojiHeHO ycjiOBiie 2) TeopeMbi II .51 
(jjpyriie cjiynaii Jierne) . B ciuiy TeopeMbi 11.51 11 jicmmm 12.51 coScTBeHHbie 3HaHeHiia onepaTopa 
L b oSjiacTii P a onpe/xejiaiOTca H3 ypaBHeHna 

A(A) = cos7rA 1/2 + Jo + p(A) = 0, J = {J 12 + J 34 )(Ji4 - J^)' 1 , 

rfle |p(A)| ^ MT(A) npii Re A > \x. IlepeinnneM sto ypaBHeHiie b BH^e 

A(z 2 ) = costcz + J + p(z 2 ) = 0. 

IlycTb {z°}^ =1 — KopHii ypaBHeHHa 

A (z 2 ) = COS7TZ + J = 

H3 npaBoii nojiynjiocKOCTH. OneBH^HO, A° = (z^) 2 . Bbi6epeM ^ihcjio a > 1 CTOJib Sojibhihm, 
*ito Bee {z^} JieacaT b nojiynojioce H a -i- Ecjih Jo 7^ ±1 (ycmieHHaa peryjiapHOCTb) , to Bee 
Hyjiii {z^} npocTbie 11 Han/jyTca Hiicjia 5 > 0, e > TaKiie, hto Kpyrn K n = {x\ \z — z®\ < 5} 
He nepeceKaiOTca, npiineM |A (z 2 )| > e npii z G dK n (sto yTBep>Kja;eHiie jierKO cjiejj;yeT H3 
nepiiojj;iiHHOCTii paccMaTpiiBaeMOii (pyHKii;iiii). TaK KaK |p(.2 2 )| — > npii z — > 00, z G n a , 
to b ciijiy TeopeMbi Pynie npii Bcex ^ocTaTOHHO Sojibiuhx n ^ N (pyHKn,a A(z 2 ) HMeeT pobho 
ojj,hh Hyjib z n b Kpyre K n . KoHe^HO, nocjie^OBaTejibHOCTb {z n }^ =N aBjiaeTca HecrymaiomeHca. 
IlosTOMy ii3 jieMMM l2~3l HMeeM {p(z 2 )} G l 2 , a Tor^a 

{cOSTCZn — COS7T2°}^ G l\. 
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Hhcjio S mojkho CHHTaTb Bbi6paHHbiM CTOJib MajibiM, hto I (cos(7rz)) > E\ > npH z E K n . Ho 
Tor^a 

\z n — Z°| ^ M| COS7TZ„ — C0S7TZ°|, (2.30) 

r^;e nocroaHHaa M He 3aBiicnT ot n. TeM caMbiM, acHMnTOTiiHecKiie paBeHCTBa ()2.29|) 
,i],OKa3aHbi. 

B cjiynae Jq = ±1 kophh hmciot KpaTHOCTb 2. Tor^a mojkho noBTopHTb npoBe^eHHbie 
paccy>KfleHHfl, ho bmccto HepaBeHCTBa (|2.3()j) Bocnojib30BaTbca HepaBeHCTBOM 

\ Z n — z n\ 2 ^ M\ C0S7TZ n — COS7TZ°|, 

H3 KOToporo nojiynaeM {s^}^ G l° 2 . Teopeivia ^OKa3aHa. □ 

TeopeMa 2.7. IJycmb eunoAneuu ycAoeun u coxpanenu o6o3HaueHUH meopeMU \2.fk 
06o3HamiM %epe3 {y n {x)}'^ =1 u {yn( x )}%Li HOpMupoeaHHUe e npocmpancmee L 2 [0,7r] 
co6cmeeHHue (fiyHKi^uu onepamopoe L u L , omeeuatov^ue co6cmeeHHUM 3HaueHUMM {A n }^ x 
u {A^j^-L coomeemcmeeHHO. Tosda npu donoAHumeAbHOM ycAoeuu ycuAeHHoil pezyAnpnocmu 
cnpaeedAueu paeencmea 

Vn(x) = yl{x) + ip n (x), Vn\ x ) = (y^( x ))' + nipi(x), 

zde 

oo 
n=l 

u nocmottHHatt C He 3aeucum om x. Ecau ycAoeue ycuAeuHou pezyAHpnocmu ne eunoAneno, 
mo ymeepafcdenue coxpaHHemcn, ho Keadpamu (jjyHKi^uu ip n u ty\ e nocAedueu $opMyAe nado 
3aMeHumti na nemeepmue cmenemi, a hucao 9 3aMeHumb na 29. 

Proof. CHOBa paccMOTpHM HanSojiee TpynHbiii cjiynafi, Kor^a BbinojiHeHO ycjiOBne 2) 
TeopeMbi 11.51 B stom cjiynae nocjie hopmhpobkh, o,tho h3 KpaeBbix ycjiOBHii (Sy^eM CHHTaTb, 
hto BTopoe) HMeeT HyjieBoli nopaflOK, T.e. 

U 2 (y)=(3y(0) + iy (7r), \{3\ + | 7 | > 0. 

Tor^a co6cTBeHHbie cpyHKniiH onpeflejiaiOTca paBeHCTBOM y n (x) = y(x, A n ), r^e 



y(x, A) 



$0, A) ^(x, A) 



A) ^(x, A) 
/? + 7$(vr,A) 7^0, A) 



(2.31) 



3to Tax, nocKOJibKy y(x,X) — peineHne ypaBHeHHfl (I2.1jl h Uj(y(x, A n )) = 0, j = 1, 2. 
Hcnojib3ya o6o3HaHeHHa y/X^ = z n , a/A^ = z®, nojiynaeivi 



yn(x) = 7(sin z°7r) cos z®x + ((3 + 7 cos z^n) sin z®x. 

HeTpy^HO BH^eTb, hto y^ix) noHTH HopMnpoBaHbi, T.e. cymecTByiOT Taxne nocToaHHbie M\ h 
M 2 , hto Afi ^ \\y° n \\ L2 ^ M 2 . 

B CHJiy TeopeMbi 12.61 HMeeM \z n — z®\ < MT(z^). Bocnojib30BaBHincb jieMMofi 12 . B| H3 
npeflCTaBJieHHH <|2.31|) jierKO nojiynnTb on;eHKH \y n (x) — y®(x)\ ^ MT(z^). OneBH^HO, TaKoe 
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xe HepaBeHCTBO coxpaHaeTCfl nocjie hopmhpobkh (pyHKHiiii {y n } h {y^}- YTBepmpfiHme 
TeopeMbi Tenepb cjie^yeT H3 jieMMbiESl IIpH HeBbinojiHeHna ycjiOBHa ycnjieHHOH peryjiapHOCTH 
paccy>KfleHHfl coxpaHaiOTCfl, ho BMecTO bcjihhhh T(z^) b oueHKax Synyr ynacTBOBaTb 
BejiHHHHbi y/T(Zn). TeopeMa ^OKa3aHa. □ 

3aMenaHHe 2.8. Hyatcno osoeopumb, nmo npu neeunoAHenuu ycAoeun ycuAennou 
pezyjinpHocmu 6ecKoueHHO mhoso co6cmeeHHUx 3HaueHuu Mozym ona3ambCH deynpamuuMU 
u um Moofcem omeenamb napa co6cmeeHHUx gjyuKi^uu uau odna co6cmeeHuasi u odna 
npucoeduHeHHdtt gjyuKi^uu. B amoM CAyuae eu6op co6cmeeHHUx u npucoeduneHHUx 
cfjyHKi^uu nyotcno npou36odumb cneu,uaAbHUM o6pa30M, umo6u ymeepotcdenue meopeMU \2. 71 
coxpatittAocb. Tanou 6u6op 603M0MceH, no nodpo6noe doKa3ameAbcmeo u3-3a ezo 
spoM03dKocmu 3decb onyu^eno. B deucmeumeAbnocmu, npu hclauhuu npamnux co6cmeeHHUx 
3HaueHuu y Heeo3MymeHHOso onepamopa 6oAee eawcHou neAfiemcH ue 3adaua 06 ou,euKax 
pa3Hocmu co6cmeeHHUx uau npucoeduHennux cfiyHKyuu eo3Myiu,eHH020 u Heeo3MymeHH030 
onepamopoe, a 3adanu 06 oi^enne nopM pa3Hocmu npoenmopoe Pucca P n u P° na 
coomeemcmeytov^ue deyMepnue nodnpocmpaucmea. Tanue ou,enKU npoeoduAucb e pa6ome ^38]. 
B paccMampueaeMOU 3adane Memod pity no3eoAnem 6e3 mpyda noAynumb CAedywv^uu 
pe3yAbmam: nocAedoeameAbHocmb {||P n — P°||} npuuadAeotcum npocmpancmey l\. 

2.4. Ba3HCHOCTb Pncca. B 3aKjnoHeHHe SToro naparpacpa flOKa>KeM TeopeMy 
o 6a3ncHOCTH Pncca co6cTBeHHbix h npHCoeflHHeHHbix cpyHKipiii. HanoMHHM, hto 
cncTeivia {y n } b rmib6epTOBOM npocTpaHCTBe Ha3biBaeTca 6a3HCOM Pncca, ecjin cymecTByeT 
orpaHHHeHHbifi h orpaHHHemio oSpaTHMbifi onepaTop A TaKofi, hto ciiCTGMa {Ay n } aBJiaeTca 
opTOHopMiipoBaHHOii ii nojiHott. 3a onpe^ejieHiieM noHSTiia 6a3nca Pncca co CKo6KaMii (hjih 
H3 noflnpocTpaHCTB) mm OTCbuiaeM HHTaTejia k |1 11 Pji. 6]. 

TeopeMa 2.9. Uycmb q(x) E W 2 ~ , a onepamop L onpedeAeu cosaclcho meopeMe Ecau 
coomeemcmeywmue npaeeue ycAoeun ycuAeHHO pezyjinpuu, mo cucmejua co6cmeeHHUx u 
npucoeduneHHUx gjynKu.uu onepamopa L o6pa3yem 6a3uc Pucca. B cAyuae pezyAnpnux 
Kpaeeux ycAoeuu sma cucmeMa neAHemcn 6a3ucoM Pucca U3 nodnpocmpancme, npuueM 
e nodnpocmpaucmea uyotcuo o6^eduHfimb Auuib co6cmeeHHue q^yuKu^uu, omeenawmue 

co6cmeeHHUM 3HaHeHUHM X n U A n +i, dAH KOmopblX | \J A n — \J A rt _|_i I — ► 0. 

Proof. CHanajia npe,a,nojio>KHM, hto KpaeBbie ycjiOBHa aBjiaiOTca ycnjieHHO peryjiapHbiMii. 
Tor^a H3BecTHO (cm. (12J), hto ciicTeMa coScTBeHHbix cpyHKiniii {2/n( x )}n^=i onepaTopa L Q 
o6pa3yeT 6a3HC Pncca b L2 (flJia npocTOTbi npe^nojiaraeM, hto npiicoe^HHeHHbie (pyHKn,Hii 
OTcyTCTByiOT) . CorjiacHO Teopeivie 12.71 co6cTBeHHbie (pyHKii;iiH {y n (x)}™ =1 onepaTopa L 
o6pa3yiOT acHMiiTOTiiHecKii KBaflpaTHHHO 6jin3Kyio cncTeiviy, t. e. ^;jia jiioSoro e > HafifleTca 
hhcjio N TaKoe, hto 

00 

hn^)-y°rX x )\\ 2 < e - 

n=N 

B cmiy TeopeMbi Bapii (cm. [IH Tji. 6]) ciicTeMa E = {y^}n=i U {yn}^=N TaK>Ke o6pa3yeT 
6a3HC Pncca b npocTpaHCTBe L2. 3aHyMepyeM Bee coScTBeHHbie (pyHKn,Hii onepaTopa L, He 
BOHie^HiHe b cncTeMy {yn}^ = Ni cjie^ryioiHiiM o6pa30M: {y n }n=wi r fl e — 00 ^ < N. CncTeMa 
Bcex co6cTBeHHbix (pyHKii^HH onepaTopa L MHHHMajibHa (HHKaKaa cpyHKi^na He npHHafljiejKHT 
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3aMKHyT0H jiHHeiiHOH o6ojiOHKe ocTajibHbix) , a ,o,e(peKT CHCTeMbi {y n }^7v pa B en N — 1 
(nocKOJibKy CHCTeMa E ecTb 6a3HC Pncca). Cjie^OBaTejibHO, uj ^ 1. ripe^nojiOKHM, hto > 1. 
Tor^a 3aMbiKaHHe jiHHeiiHOH o6ojiohkh CHCTeMbi coScTBeimbix (pyHKHiiii onepaTopa L o6pa3yeT 
no^npocTpaHCTBO 9T HeKOTopofi Kopa3MepHOCTH ^ 1. IloflnpocTpaHCTBO Di -1 iiHBapnaHTHO 
OTHOCHTejibHO L* , KOHeHHOMepHO ii, no nocTpoeHHio, Ha 3tom no^npocTpaHCTBe onepaTop L* 
He HMeeT co6cTBeHHbix 3HaneHHH. 3to npoTHBopenne, noaTOMy to = I. Ho Tor^a CHCTeMa 
{Un}%Li ecTb 6a3HC Pncca, Tax KaK OHa MHHHMajibHa. 

B cjiynae cSjiH^aiomnxca co6cTBeHHbix 3HaneHHH flOKa3aTejibCTBO MeHaeTca cjieflyiomiiM 
o6pa30M. H3BecTHO (cm. [38J ) , hto b 3tom cjiynae CHCTeMa co6cTBeHHbix (pyHKiniii 
ecTb 6a3HC Pncca H3 no^npocTpaHCTB, npnneM b no^npocTpaHCTBa HyjKHO oGte^HHaTb He Sojiee 
flByx (pyHKii^HH. CpaBHHBaa (pyHKinin TpHHa onepaTopoB Lq h L TaK me, KaK b Teopeivie 12 .7\ 
nojiyHHM (cm. no^;po6Hee |38]). hto fljia jiioSoro e > cymecTByeT hhcjio N TaKoe, hto 



iyje Ft m P fc — npoeKTopbi Ha ^ByMepHbie no^npocTpaHCTBa, OTBenaiomiie c6jin>KaiomHMCfl 
coScTBeHHbiM 3HaneHHaM. Tenepb ^OKa3aTejibCTBO moxho 3aBepniHTb, Hcnojib3ya TaKHe me 
apryMeHTbi, KaK b cjiynae Hec6jin>KaiomHxc5i co6cTBeHHbix 3HaHeHHH. TeopeMa ,a,OKa3aHa. □ 

Ilpn flOKa3aTejibCTBe nocjieflHefi TeopeMbi mm o^HOBpeMeHHO ycTaHOBHJin B3anMHO 

OflH03HaHHOe COOTBeTCTBHe Memfly nepBblMH C06cTBeHHbIMH 3HaneHHiIMH {X n }n=l H {^n}n=l 

onepaTopoB L h Lq. 3to nojiHOCTbio BOcnojiHaeT HeflOCTaiomee 3bcho b ,a,OKa3aTejibCTBe 
TeopeMbi 12.61 



§3. BTopbie HjieHbi b acHMnTOTHKax ^jia coSctbghhbix 

3HaHeHHH H CoScTBeHHBIX (J)yHKD;HH 



Uejib SToro naparpacpa — Bbi^ejiHTb BTopbie HjieHbi b acHMnTOTHKe co6cTBeHHbix 3HaHeHHH h 
co6cTBeHHbix (pyHKn,HH onepaTopa L. 

Mm orpaHHHHMca paccMOTpeHneM KpaeBbix ycjiOBHii ^npnxjie 



xoth npHMeHHeMbiii MeTOfl Hecjio>KHO MOflH(pHn,HpoBaTb Ha cjiynaH KpaeBbix ycjiOBHii mna 
IIlTypMa 



r,a,e a, (3 G [0,7r). A 113 Hepacna^aiomirxca KpaeBbix ycjiOBHii o6mero BH^a (popMyjibi 
nojiynaiOTca cjihhikom rpOM03,a,KHMH. 

On,eHKa ocTaTKOB b acHMnTOTHnecKHx (popMyjiax fljia co6cTBeHHbix 3HaHeHHH h co6cTBeHHbix 
(pyHKn,HH 6y^eT npoBOflHTca b 3aBHCHMOCTH ot Kjiacca noTeHipiajia q(x), T.e. b 3aBHCHMOCTH ot 
npocTpaHCTBa, KOTopoMy npHHaflJiejKHT (pyHKHiia u(x). H3yneHH5i cjiynaa u(x) G W% [0,7r] 



Eii^-^ii a<e ' 



k=N 



y(0)=y(n)=0, 
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mm cneipiajibHO orpaHHHHBaeMca 3HaneHHaMH 9 < 1/2. Kc-HeHHO, noxo>KHe pe3yjibTaTM 
moxho nojiy^HTb h npri 9 /gel/2, ho mm bh^hm, hto ohh He onTHMajibHbi. J\jih nojiyneHHa 
tohhmx pe3yjibTaTOB npn 9/ gel/2 HyatHbi HOBbie cpe^CTBa h aBTopbi njiaHHpyiOT HanncaTb 06 
9tom b flpyroii pa6oTe. 

3.1. 06o3HaneHHa. HTaK, b stom nparpacpe, nepe3 L o6o3HaHaeM onepaTop, 
nopojK^aeivibiH ,u;H(p(pepeHHHajibHMM Bbipa»ceHHeM 1)0.1^ h KpaeBbiMH ycjiOBHaMH ^npnxjie Ha 
OTpe3Ke [0, 7r]. Hepe3 A a , < a ^ 1, o6o3HanaeM (pyHKinin Kjiacca ilnnniHiia nopa^Ka a Ha 
OTpe3Ke [0, 7r], t. e. Te (pyHKinin, nen Mcmyjib HenpepbiBHOCTH 

u(6;f):= sup \f(xi) - f{x 2 )\, r,a,e x\, x 2 G [0, it] 

\x\— xi\<8 

^onycKaeT oueHKy u>(5; f) ^ C5 a , c nocToaHHofl C, He saBHcameii ot 5. Hepe3 < a ^ 1, 
p ^ 1 o6o3HanaeM (pyHKHHH, neii HHTerpajibHbiH Mqayjib HenpepbiBHOCTH 



v P (6\ f) := sup 

0<t<5 



1/p 

\f(x + t)-f(x)\*dx 



,a,onycKaeT oueHKy UJ P (S; f) ^ C5 a , c nocToaHHoii C, He 3aBHC5uueH ot 5 ( b onpeflejiemiH 
npe^nojiaraeTca, hto (pyHKuna f(x) npo^oji>KeHa nepnoflHuecKH 3a npe^ejibi OTpe3Ka [0, 7r]). 
Hepe3 V o6o3HanHM Kjiacc (pyHKurra orpaHuueHHoii Bapnaurra Ha [0, 7r]. IIoTeHUHaji q(x) He 
npe^nojiaraeTca BemecTBeHHbiM, t. e. onepaTop L He o6a3aTejibHO caivioconpajKeH. 

KaK npejK^e, uepe3 {A n }^L 1 o6o3HauaeM coScTBeHHbie 3HaueHHa onepaTopa L. CoxpaHaeM 
TaKJKe Bee o6o3HaueHHa, BBefleHHbie b n.2.1. H3 hhx HanSojiee uacro 6y^eM ncnojib30BaTb 

(pyHKHHH v(c, X, A) H T(c, A). IIOJICOKHM 

^ : = -±u(0, 7T, n 2 ) = -^ J u(t) sm(2nt)dt + ^ J u 2 {t) cos(2nt)dt- 



7T i 7T 

_ f / / u(t)u(s) cos(2nt) sm(2ns)dsdt - ^ / w 2 (t)cft = -|6 2n + - w 2n - ^-U (tt), 

oo o 

r^e 

7T 7T 

&n := - / sin(nt)(it, v4 n := - J u 2 (t) cos(nt)dt, 



o 

7T * 



w n : = - / / u(t)u(s) cos(2nt) sxn(2ns)dsdt, U(tt) = J u 2 {t)dt. 
o o o 

06o3HaHHM TaK»ce 

TT 

2 f 1 

a n := - / u{t) cos(nt)dt, r n = w 2n ~ « — C/(tt). 
7T 7 /7m 


3.2. AcHMnTOTHKa co6cTBeHHbix 3HaneHHH. Hauia SjiH^Kaninaa uejib — noKa3aTb, uto 
HHCJia [i n nrpaiOT pojib BToporo HjieHa b acHMnTOTHnecKHx cpopiviyjiax fljia nocjieflOBaTejibHOCTH 
{A n }. ToHHee, b stom nyHKTe mm npoBe^eM on,eHKy pa3HOCTH — /x n . Kohchho, He Bee 
cjiaraeMbie b Bbipa>KeHHH \i n HMeiOT o^HHaKOByio cnjiy. Ilo3JKe mm bmjichhm, hto rjiaBHyio 
pojib (T.e. pojib BToporo HJieHa acHMnTOTHKn) nrpaeT tojibko cjiaraeMoe —b n /2. 
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TeopeMa 3.1. CnpaeedAueu paeencmea 

Kl 2 = n + ^n + Pm zde\p ri \ ^ MT 2 (\ 



(3.1) 



a nocmoHHHan M 3aeucum moAhKO om (pyuKi^uu u(x). B nacmHocmu, ecjiu u(x) G W|[0, 7r] 
npu neKomopoM ^ 9 < 1/2, mo {p n }^Li £ I 26 ■ 

Proof. IlycTb cpyHKHiia \I/(x, A) - penieHne ypaBHeHHa f)2.1|l c HanajibHbiMH ycjiOBHaMH 
#(0,A) = 0, #W(0,A) = 1. Tor^a ypaBHeHne \l/(vr, A) = onpe^ejiaeT co6cTBeHHbie 
3HaneHHa onepaTopa L. Bbipa>Kaa pemeHna nepe3 cpyHKipin IIpKKpepa, nojiynaeivi 
A) = r(l, x, A) sin#(0, x, A). CjieflOBaTejibHO, ypaBHeHne ^Jia co6cTBeHHbix 3HaneHHH 
HMeeT BHfl sin #(0, 7r, A) = 0. Bocnojib30BaBHiHCb jieMMoft (j2.1|) . nepennnieM sto ypaBHeHne 
b BH^e 



K /2 + -v(0, it, A n ) + p(A„) 
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(3.2) 



r^e |p(A n )| < MY 2 (A„). IlocKOJibKy \i n = -v(0, ir, n 2 ), to flOKa3aTejibCTBO TeopeMbi cbo^htcji 
k ^OKa3aTejibCTBy oh^hkh \v(0, 7r, A n ) — -u(0, 7r, n 2 )| < MT 2 (A n ). 

06o3HanHM z/ n := A^ 2 — n n 3aivieTHM, hto H3 ()3.2|) cjie^yeT on;eHKa \v n \ < MT(A n ). HMeeM 

v(0, tt, A n ) - u(0, ?r, n 2 ) = / (sin 2A„ /2 t - sin 2nt\ dt + (Xn 1/2 - (U(n) + 5(0, tt, A n )) + 

(5(0, TT, A n ) - 5(0, tt, n 2 )) + 2(w(0, vr, A n ) - w(0, tt, n 2 )). 

06o3HaHHM cjiaraeMbie b npaBon nacTH nocjieflHero paBeHCTBa b nopaflKe nx onepe^HOCTH nepe3 
Ji, I2, -^3, h- on,eHKH HHTerpajia I\ BOcnojib3yeMca (popMyjiofl 



sin(2A^ /2 t) - sm(2nt) = (2v n t) cos{2X 1 n /2 t) + O (z/ 2 ) 



1/2 

KOTopaa npn ^ t ^ tt cjie^yeT H3 pa3Jio>KeHH5i (pyHKHHH sinx b TOHKe x = 2X n t b pafl 
Tenjiopa. Cjie^OBaTejibHO, 



h 



2v n J tu(t) cos (2X1^ dt + O (z/ 2 ) 



2z/ n 7r J w(t) cos ( 2A n tjdt — 2v n J J u(s) cos ( 2A n sj dsdt 

^ ' ^ ' 



+ 0(u 2 )^ 



^M\u n \\T(X n )\ <M 2 \T(X r . 



TaK KaK A, 



-1/2 



-l 



0(n 2 ) nn 2 < MT 2 (A n ), to |J 2 | < MT 2 (A n ). AHajiornnHO, nocKOJibKy 



cos ^2Ay 2 t j — cos(2nt) = 0(z/ n ) n \v n n 1 \ < MT 2 (A„), to |J 3 | < MT 2 (A n ). HaKOHeu;, ^Jia 
on,eHKH Z4 BOcnojib3yeMca paBeHCTBOM 

cos \2Xn 2 ij sin ^2A^ 2 s j — cos (2nt) sin(2ns) = cos ^2An^ 2 tj ^sin ^2Xn 2 s^ — sin (2ns) j + 
+ ^cos ^2Xn 2 t^ — cos(2nt)j sin(2ns) = 2z/ n scos ^2A^ 2 tj cos ^2Xn 2 s^ — 2z/ n tsin ^2A^ 2 tj sin ^2An^ 2 s 

H3 BToro paBeHCTBa cjie^yeT, hto flocTaTOHHO nojiynnTb on;eHKy flBOHHoro HHTerpajia 



u(t) cos (2X 1 n /2 t) / su(s) COS (2X 1 n /2 s) dsdt 



< MT(A r 
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h TaKoro >Ke HHTerpajia, r^e Kocrmycbi 3aMeHeHbi Ha CHHycbi. Ho 3Ta oueHKa cjie^yeT H3 
onpe^ejieHHa cpyHKiniri T(A) nocjie H3MeHeHHa nopa^Ka HHTerpHpoBaHHfl. 

HTaK, acHMnTOTHKa (I3.1j) ycTaHOBjieHa. A 113 3aBepineHna ^OKa3aTejibCTBa TeopeMbi, 
ocTaeTCH 3aMGTHTb, hto b cjiynae, Kor^a u(x) G W|[0,7r], b cnjiy .TTeMMbi l2~3l {T 2 fA^}^ :) 1 G if, 
nocKOJibKy {\fXn]'^' = i — Hecryiuaioiuaaca nocjie^OBaTejibHOCTb. Teopeivia ^OKa3aHa. □ 



llojie3HO HMeTb HHCpopMaipiio o xapaKTepe ySbiBaHna nocjieflOBaTejibHOCTH {T 2 (A n }^? =1 He 
TOJibKO fljia (pyHKH,HH u(x) G W®, ho h pjia cpyHKH,HH ^pyrnx KjiaccoB. 3flecb npHBe^eM 
pe3yjibTaT fljia cpyHKipiii orpaHHneHHOH BapnaipiH h cpyHKipiii, y,a,OBjieTBopaiomHx ycjiOBHio 
JlnnniHua b cpe^HeM. 

Tlpe^jioyKenme 3.2. Ecau u(x) G V, mo 

\p n \ s= Mn" 2 . (3.3) 
Ecau lui(5) — uumespaAbHuu ModyAb Henpepuenocmu $yHKU,uu u(x) e npocmpaucmee L\, mo 

(3.4) 



B nacmnocmu, ecAU u(x) G A*[0, 7r], mo 

\p n \^ Mn~ 2a . 



(3.5) 



3decb {pn}^Li — nocAedoeameAbHocmb ocmamKoe e acuMnmomuuecKou iSopMijAe 1)3. 1J1 . a 
M = const. 

Proof. CorjiacHO TRopeMe l3.1l 7TOCTa,TOHHO ohchhtb nncjia T 2 (A„). J\jih cpyHKinin u(x) G V[0, it] 
HHTerpnpoBaHHeM no aacTaivi nojiynaeivi 



u(t) cos(zt)dt 



+ 



u(t) sm(zt)dt 



•"A 

\z\ 



(3.6) 



npn z — > oo BHyTpn nojiocbi |Imz| < a. Tor^a H3 onpe^ejieHHH cpyHKipiH T(A) cjie^yeT 
|T(A n )| < M|A n | _1 < M x n~ l , hto BJieneT (l3~3l . 

H3BecTHO [Ti) tji. 2.4], hto npn z G M + JieBaa nacTb 1)3. 6j) MajKopnpyeTca bcjihhhhoh 
Mto' 1 (2; _1 ). KpoMe toto (cm. [TU tji. 2.3]), 5 < Mu>i(5) npn 5^0. B cjiyaae 
BemecTBeHHOH cpyHKipiH u(x) co6cTBeHHbie 3HaneHHa TO>Ke BemecTBeHHbi, OTKyzja nonyaaeM 
|T(A n )| < Mwi(An) < Mia^n" 1 ), hto BjieaeT (l3~4l . 

/Jjia ,i],OKa3aTejibCTBa (13.41) b cjiyaae KOMnjieKCHoii u(x) Heo6xo,i],HMO MO^HCpHinipoBaTb 
npneM, Hcnojib3yeMbra b |14| . /Jjia ouchkh nepBoro cjiaraeMoro b npaBOH Hacra 1)3. 6j) 
BOcnojib3yeMca cpopMyjioft 



x—n/u 



j u(t) cos(zt)dt = — 

-n/u 



J u(t' + - j cos ^zi' - — J dt', 
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v + ia, t' = t . 

v 
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Tax KciK cos(zt) — cos(zt — Tiio jv) = 0{y x ) = 0(\z\ r ) npn z G Tl a , to 



u(t) cos(zt)dt 



< Muj x (\z\^) , zeU a . (3.7) 



Btopoh HHTerpaji b npaBOH nacTn ()3.6j) oueHHBaeTCH aHajioriiHHO. TeM caMbiM, oneHica ()3.4|) 
nojiyneHa n b KOMnjieKCHOM cjiynae. IlpeflJiOKeHHe ,a,OKa3aHO. □ 

3.3. YnpomeHHaa cpopMyjia rjisi BToporo HjieHa acHMmoTHKH. Hncna 
/i n , onpe^ejiiHomne btopoh njieH acnMnTOTHKn co6cTBeHHbix 3HaneHHn b cpopMyjie (13. lj) . 
npe^CTaBJieHbi neTbipbMH GJiaraeMbiMH. B ^eficTBHTejibHOCTH, TOJibKO nepBoe cjiaraeMoe nrpaeT 
flOMHHHpyioni;yio pojib, a cyMMy ocTajibHbix Tpex cjiaraeMbix mojkho on;eHHTb "noHTn" TaioKe, 
KaK ocTaTOK b Teopeivie l3.il TeM caMbiM, (popiviyjiy fljia co6cTBeHHbix 3HaneHHH mojkho 3anncaTb 

B BHfle 

yK = n- -b 2n + s n , s n = A 2n - r n + p n , (3.8) 

a oneHKa nnceji p n yme npoBe^eHa b TeopeMe 13.11 Hania 6jin>KaHniaa nejib — npoBecra oneHKy 
A n ii r n . 

Ilpefljio^eHHe 3.3. Ecau u(x) G V[0,7r], mo cnpaeedjiuea acuMnmomuna (|3.8j) . sde 

s n = 0(n~ 2 ). 

Proof. Ecjih u(x) iiMeeT orpaHHneHHyio Bapnanino, to u 2 (x) o6jia^aeT TeM jxe cbohctbom. 
]lo3TOMy A n = 0(n~ 2 ). Hiicjia w 2n onpeflejiaiOTca ^BoimbiMH HHTerpajiaMii. Hirrerpiipya 
BHyTpeHHHH HHTerpaji no nacTiiM, nojiynaeM 



2^ / u\t)dt - i / u\t) cos 2 (2nt)dt+ 



t 



+ l£r / u ( f ) cos(2nt)dt + —J u(t) cos(2nt) / cos(2ns)du(s)dt. 



(3.9) 



irn J \ ' ' irn 





Hcnojib3ya (popMyjiy cos 2 (2nt) = (1 — cos(4nt))/2, nojiynaeM, hto nepBbie Tpn cjiaraeMbie 
b npaBoii nacTH paBeHCTBa (|3.9|) ^aiOT BKJia,n 0(n~ 2 ). IIocjieflHee cjiaraeMoe nocjie 
HHTerpnpoBaHiia no nacTHM npnHHMaeT bh,h; 

IT t 

sin(2nt)d(u(t)u n (t)), u) n (t) = / cos(ns)du(s). 



2-Kn 



o o 



OneBH^HO, nojmaa Bapnan;H5i cpyHKniin oj n (t) He 3aBncnT ot n n He npeBoexo^HT nojiHon 
Bapnannn (pyHKnnn u(t). Ho Tor^a nojraaa Bapnanna (pyHKinin u(t)u n (t) He 3aBncnT ot n, a 
noTOMy nocjieflHee cjiaraeMoe ecTb 0(n~ 2 ). npe^JioJKeHne ,a,OKa3aHO. □ 

3aMeiaHHe 3.4. /Jam 4>yHKU,uu u(x) G V[0, 7r] onepamop L 6ua onpedeAen panee dpyzuMU 
MemodaMU u demciAbHO u3yueH. B Hacmnocmu, npedAOMcenue I.V.fl 6uao 3oKa3ano e /7^/ . 
a e nedaeneu pa6ome 3ah nomem^uaAoe manoso KAacca eunucana 6oAee moHHan 
acuMnmomuuecKatt diopjuyAa. 
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npe,a;Jio:>KeHHe 3.5. fijin Henpepuenou tfiyHKi^uu u(x) cnpaeedjiuea acuMnmomuna (|3.8I) . zde 

s n < Mu 2 (fi _1 ), 

a u;(5) — Modyjit nenpepueHocmu ipyHKi^uu u(x). B Hacmnocmu, ecjiu u(x) G A a , < a ^ 1, 
mo 

s n = 0{n- 2a ). 

Proof. 3aMeTHM, hto Mo^yjiB HenpepbiBHOCTH cpyHKn,nn u 2 (x) OHeHHBaeTca Bejie^HHoii Mu{5). 
Kpoivie Toro, Bcer^a d^ 1 < Mu)(8) h U\{8) < ~kuj{5) (cm. [T4l rji. 2.3]). Tor^a H3 ou,ghkh (|3.7j) 
nojiynaeM A n < Mn~ l uj{n~ v ) < M 2 u; 2 (n _1 ), a H3 npejT.TToa<:eHHa l3.3l |p^ | < Mw 2 (n _1 ). IIosTOMy 
ocTaeTca ohchhtb HHCJia r n . 

SaivieTiiM, hto cpopiviyjia (|3.9ft ocTaeTca cnpaBe^jiHBOH He tojibko ,n;jia w(x) G V[0,7t], 
ho h fljia HenpepbiBHofi (pyHKinin u(x), ecjin HHTerpaji noHHMaTb b CMbicjie PniviaHa- 
C™jiTbeca. 3to cjie^yeT H3 H3BecTHoro cpaKTa (cm. rji. 8.6]): cymficmeoeanue odnozo 
U3 unmespaAoe e tfiopMyjie unmezpupoeaHUH no uacmnM ejieuem cymecmeoeamie emopozo. 
O^eBH^HO, cyMMa nepBbix Tpex HHTerpajiOB b npaBOH ^acTH (|3.9j) oueHHBaeTca b&jih^hhoh 
MrC x oj\{rr x } < M 2 u) 2 {n~ l ). IlosTOMy npe^jiojKeHHe 6y^eT ^OKa3aHO, KaK tojibko y^acTca 
flOKa3aTb HepaBeHCTBO 



u{t) cos(2nt) J cos(2ns)du(s)dt 
n o 



< Muj(n- 1 ' 



(3.10) 



Bhobb o6o3HanHM LU n (t) := J cos(2ns)du(s) h ^OKa>KeM, hto 



tu n (t + ^) -tu n (t)\^ Mcuin- 1 ), te[0,ir). 
Pa3Jio>KHB cos(2ns) b tohkc t b pa^ Tenjiopa, nojiy^HM 



t-t--?- 



cos(2ns)du(s) 



k=0 



t+- r 



{s - tfdu{s) 



J\jin k = HMeeM 



du(s) 



u(t + —) - u(t) ^Muj(n~ l ). 
\ 2n) 



Ilpn k ^ 1 nojiynaeM 



t+- r 



J (s-t) k du(s) 



t+— 

c+ 2n 



t+- r 



U 



(3.11) 



(3.12) 
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3t& oneHKa BMecTe c (I3.12JI BjieneT fj3. 1 If) . 

Tenepb npnivieHHM CTaH^apTHbin npneivi. 
cos 2n(t + Tr/(2n)) = — cos 2nt, Jierxo nonynnTb 



Bocnojib30BaBniHCb paBeHCTBOM 



u(t)u n (t) cos(2nt)dt 



u 



t + LO n { t + ^- ) - u(t)u n (t) cos(2nt)dt + O (n' 1 ) . 



2nJ 



7T \ 



In) 



cDyHKnnn nofl HHTerpajiOM b npaBon Hacra SToro paBeHCTBa oneHHBaiorca BejinnnHon 
Moo(n~ 1 ). 3to BjieneT HcpaBGHCTBO (I3.10J) . ripe^jioiKeHHe ,a,OKa3aHO. □ 

JXflS, cpyHKnnn u(x) £ C[0,7r] HHTerpnpoBaHne no nacraM bo BHyTpeHHeM HHTerpajie b 
npe^CTaBjieHHH nncjia w n npoBO^HTb Hejib3fl. IIosTOMy Hy>KHbi ^pyrne npiieMbi rjir ou,ghkh 
nnceji r n . HaniH ou,ghkh 6yfiyi ocHOBaHbi Ha cjie^yiomeH jieMMe. 



JleMMa 3.6. CnpaeedAUeu paeencmea 

1 E 

An J—^ 



k 



An ^ (2n-k)(2n + k) 

k=l,k=£2n K J\ < J 



+ Jn 



In 



3 2 | a O a An , &2n 
a 2n + 



16n 



5/7 



7T 

_l_ (n — s)u(s) sin(2ns)ds. 



(3.13) 



(3.14) 



Proof. B ,h;bohhoh HHTerpaji, BbipajKaioinnn hhcjio w„, no^CTaBHM pa^ 

oo 

i(t) = afc cos(kt) 



k=0 



n noMeHaeM npe^ejibi HHTerpnpoBaHHfl. B ^ajibHenmnx npeo6pa30BaHnax HHTerpripyeM no 
nacTaM n ncnojib3yeM (popMyjibi npoH3Be^,eHnn cnHycoB. B pe3yjibTaTe nojiynaeM 



w„ = f u(s) sin(2ns) f E (a fc cos(fct) cos(2nt)) dtds 



k=0 







k=0 



cos(fct) sin 2 (2ns) + ksin(2ns) J sin(fci) sin(2?7t) 



dtds 



+ — f 

Ann J 



t~ — / m(s) E a fc [cos(fct)(— 1 + cos(4ns))] + 2na 2 n(7i" — s) sm(2ns)ds+ 

n k=0 

oo oo 

Efesin(2ns)sin(2n + A;) S - E " 2n _ fc 

fe=l fc=l,fc^2ra 



U[S 



sin(2ns) sin(277 — k)s 



ds. 



Bhobb ncnojib3ya (popMyjibi rjih npon3BefleHHn KoenHycoB n cnHycoB, nojiynaeM 

OO 7T 

2w ™ + 2^ U ( 7r ) = §b 2 «fc(«4n+fc + okn-jfe) + /(vr - s)u(s) sin(2ns)ds+ 



k=0 



oo ' / 

+ Tfe( a 2n - «6n) + h E fc 2^ 



on; 1 8n ^ \ 2n+fe 2n-fc 
" =1 v 



fc=l 



(3.15) 
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r^e HiTpnx b 3HaKe cyMMbi 03HaaaeT, hto b cyMMe HCKJuonaeTca iiH^eKC k = 2n. 
Bocnojib30BaBniHCb paBeHCTBOM 

1 / \ 1 / a 4n+k a An-k \ k f Cl^n-k O-in+k 

— T—\^An+k + °4n-fcJ + T I ~ ! 7" + 



8n T ' A\2n + k 2n - k J 8n \2n - k 2n + k 

npeo6pa3yeM nocjieflHioio cyMMy b npaBOH aacra (|3.17j) k BH^y 



--^ a k (a 4n+k + a An . k ) + + 

k=l k=l x 



3flecb nepBaa cyMMa c tohhoctbio cjiaraeivioro a °^ n + a2n ( a2 ™+ abn ^ coKpamaeTca c nepBoft 
cyMMoii b npaBofl aacTH (|3.15J) . a BTopaa cyMMa paBHa 




Ilocjie coKpameHHH o^HHaKOBbix cjiaraeMbix b nepBOH h btopoh cyMMe ocTaHyTca tojibko ancjia 
— SSMs. H — a2 {g° 6n , cooTBeTCTBeHHO. YaHTbiBaa b cpopiviyjie 1)3. 15j) npoBe^eHHbie BbiaHCJiemia, 
npiixo^HM k (popiviyjiaM 1)3.13)) h 1)3. 14), . JleMMa flOKa3aHa. □ 



Tenepb ou,ghhm HHCJia s n b acHMnTOTHKe (|3.8jl b 3aBHCHMOCTH ot npnHaflJie>KHOCTH (pyHKiniH 

u(x) pa3JIHHHbIM npOCTpaHCTBaM. 

Ilpe^jio^eHHe 3.7. Ecjiu u(x) G A^[0,7r], < a ^ 1, mo nucjia s n e (fiopjuyAe (|3.8|) 
donycKawm oyeHKy 

s n < M(n~ 2a Inn + /T^n -1 )). 
5 Hacrrmocmu, djm u(x) G A 2 [0, 7r] cnpaeedAuea oyenna 

s n = 0(n~ 2a \nn). (3.16) 

Proof. H3 HepaBeHCTBa KoniH-ByHHKOBCKoro cjie^yiOT ohchkh 

u;i(tt 2 ,5) < Mw 2 (m, 5) co , i(m,5) < y^K^iu, 8). 

Tor^a H3 HepaBeHCTBa 1)3.7)1 HMeeM A n < Mn~ 1 ui2{n~ 1 ). B aacTHOCTH, fljia u(x) 6 C Aj, 
BbinojiHeHbi HepaBeHCTBa A n < Mn~ 1 ~ a . IIoaTOMy b cnjiy .tommm 13.61 TTOCTaTOHHO flOKa3aTb 
fljia (pyHKn;HH u(x) G A* oueHKy 



1 00 7 2 1 I 

Ar|a fc | 



Ofn- 2a Inn). 



■ ^ |2n-fc|(2n + fc) 

JJ,Jin u(x) G A* HMeeM a k = 0(k~ a ), nosTOMy BbinncaHHbiH pa^ Ma»copHpyeTca cyMMofi 



1 ^ fc 1 ' 2 ") 3 

2n^ \2n - k\ « ^ 

fe=l 1 1 



n 

fc=3n+l 



OneBH^HO, nepBaa cyMMa ecTb 0(n _2 ° Inn). EIpHQ $C 1/2 BTopoii pa,a, ecTb 0(n ) = 0(n~ 2a ), 
a npn a > 1/2 nocjie 3aMeHbi |afe| Ha 0(k~ a ) nojiyaaeM TaKyio ace on;eHKy. npe^jio>KeHHe 
^OKa3aHO. □ 
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IlpefljiCttKeHHe 3.8. IJycmb u(x) G L 2 [0, 7r]. Tozda nocAedoeameAbHocmb {s n }^ =1 e 
acuMnmomunecKou cjjopMyjie (13. 8 J) o6Aadaem ceoucmeoM 

{s n }™ =1 G lp, {s n \n- p (n + 1)}~ x G ^ 

npu ak>6om p > 1 . 

Proof. B CHJiy TeopeMbi 13.11 s«, = v4„ + r n + p n , r^e A n = o(n _1 ), {pnj^L-L G Zi. IIosTOMy b 
CHjiy jieMMbi 13.61 ,a,ocTaTOHHO ,a,OKa3aTb ccpopMyjinpoBaHHoe yTBepjKfleHHe rjisi Hnceji 

1 ^ ka\ ^ 2 / 1 1 1 \ 

^™ = ^Z_^ (Or,. _ fcVOw TT\ = 2s ttk \ Or, I h + Or, - h ~ n I ' ^ 17 > 



n 
k- 



(2n - fc)(2n + fc) ^ fc V 2ri + fc 2n - k n 



OiiKCiipyeM jiioSoe hhcjio p > 1 h paccMOTpHM npon3BOJibHyio nocjieflOBaTejibHOCTb 
{c n }^ =l G Z g , l/p + l/q = 1. B CHJiy HepaBeHCTBa Tejib^epa nojiynaeivi 

oo oo oo ' / ^ \ 

S l S n C n| ^ X] l C «l Z] ( |2ra-fc| + |2n+fc| + n ) < 

n=l n=l fc=l v 

oo ' / oo \ V? / oo \ VP 

<3EN 2 EW £ct 



|2n-fc|» 

fc=l \n=l / \n=l 



TaK KaK |2n — k\ p < 2/(p — 1) (He 3aBiiciiT ot fc), to pa,n; ^ \ s n c n \ cxo^HTca pjisi jiio6oh 
nocjie^OBaTejibHOCTH {c n }%L± G l q . Cjie^OBaTejibHO, {s n }%L± G l p . ,Hajiee, pa^ 

V f 1 i i 



n=l 



\2n — k | 2n + k n J ln p (n + 1 



cxoflHTca h ero cyMMa Ma>KopnpyeTca KOHCTaHToii, He 3aBHcaiu,eH ot k. Cjie^OBaTejibHO, 
cxoflHTca pa^; ^ \s n \ \n~ p {n + 1). npe^jiojKeHHe flOKa3aHO. □ 

YcTaHOBHM Tenepb aHajior npeTiroateHHa l3~8l tjta cpyHKiniii w(x) G W|. 

Ilpefljio»<;eHHe 3.9. ifc/m u(x) G j < # < 1/2, mo nocAedoeameAbHocmb {s n }^ =1 e 
acuMnmomunecKou <f>opMyAe (I3.8j) o6Aadaem ceoucmeajuu 

{s n ln _1 (ra + 1)}^! G Zf , {Sn}£Li G Zjf npu ./i?o£o,m p > 1. 

Proof. B CHjiy TeopeMbi 13.11 flocTaTOHHO ,a,OKa3aTb bto yTBep>K^eHHe, Kor^a BMecTO {s n } 
4)HrypnpyeT nocjie^OBaTejibHOCTb {A n } h {r n }. 

PaccMOTpHM CHanajia nocjie^OBaTejibHOCTb {A n }. ElycTb || • ||q, iP — HopMa b npocTpaHCTBe 
Wp. Bocnojib3yeMca MyjibTHnjiHKaTHBHoii on,eHKOH (cm. [2]): 

\\fg\\a* < M\\f\\v\\g\\ e * 

KOTopaa cnpaBeflJiHBa npn 
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IIojiojkhm / = g = u(x). B ciiynae 9 G [0,1/4] BbiSepeM a — 0, p — 1/(1 — 29). CorjiacHO 
TeopeMe Xayc^opcpa-IOHra (ee mojkho npriMeiraTb, t.k. p ^ 2, cm. nocjieflOBaTejibHOCTb 

{nA n } = !— u 2 {t)cos{2nt)dt 
l 2W o 

jiejKHT b npocTpaHCTBe l q , 1/p+l/q — 1. B cnjiy HepaBeHCTBa Tejibflepa 




Tax KaK p = 1/(1 — 29), to pa,i], b npaBoft Hac™ cxo^HTca npn jiio6om (3, ecjiH (3/(1 — 2$) > 1, 
b ^acTHOCTii npH (3 = 1. Cjie^OBaTejibHO, {A n \rT 1 {n + 1)}^ G I 29 . 

B cjiynae G [1/4,1/2) BOcnojib3yeMca toh >Ke MyjiBTiinjiiiKaTHBHoii ohchkoh npH 
a = 29 — 1/2, p = 2. Tor^a a < 1/2, w 2 (x) G Wf, cjie^OBaTejibHO, {nA n } G ^3 
HepaBeHCTBa KoniH-ByHHKOBCKoro nojiynaeivi 

^(n + lplij (^ ln"n 

Bee paflbi cxo^iiTCfl npn (3 > 1/2, Tax KaK 2(29 — 1 — a) = —1. IIoBTOMy 
{AJn-^ + l^G/f. 

Tenepb paccMOTpHM nocjie^OBaTejibHOCTb {r n }. OueHKa nocjie^OBaTejibHOCTH {^y n }, 
onpe^ejieHHOH b (|3.14j) TpHBnajiBHa. LIoaTOMy ,a,ocTaTOHHO paccMOTpeTB nocjie^OBaTejiBHOCTb 
£ n , onpeflejieHHyio b (|3.17j) . Bocnojib3yeMca oueHKaMH 

k 2 { kn~ x \2n — A;! -1 , ecjin 1 ^ n < k, 



< 



n\2n - k\(2n + k) \ k 2 n , ecjin k < n < oo. 



Tor^a 



^ le "' ln(n + 1) ^ S |flfc|2 ( S | 2n _ ln(n + 1) + ^ * 

fc=l v 7 fc=l \n=l 1 IV/ n =fc+l 



2^20-3 



JlerKO npc-BepHTb, hto o6e cyMMbi b CKoSKax on,eHHBaiOTca BejiHHHHoii Mk 29 , r^e nocToaHHaa 
M He 3aBHCHT ot k. Ho ycjiOBne m(x) G BjieaeT cxo^hmoctb pa^a Yl\ a k\ 2 k 29 , 

cjie^OBaTejibHO, pa^ b jieBOH Mac™ TaKJKe cxo^HTca. TaKHM o6pa30M, {^ n ln _1 (r?, + l)}^L 1 G I 29 . 

^OKasaTejibCTBO CBOHCTBa {s n }^L 1 G I 29 npn p > 1 npoBO^HTca c noMombio npneivia, 
npHMeHeHHoro b npe^JiojKeHHH 13.81 Ilpn stom oueHKH cxo^hmocth nojiyHaiomHXCH paflOB 
npome, He>KejiH b nepBOM paccMOTpeHHOM cjiyaae h noTOMy 3,n;ecb onycKaiOTca. npefljio>KeHHe 
,i],OKa3aHO. □ 

3.4. Cjiynafi cpyHKij;HH H3 Kjiacca KojiMoropoBa— CnjieBepcTOBa— IljiecHepa. 

EcTecTBeHeH Bonpoc: mojkho jih b cjiynae u(x) G L2[0,7r] ycnjiHTb yTBepjK^eHHe, 
ccpopiviyjiHpoBaHHoe b npe jjioaceHHH l3~8l h flOKa3aTb, hto {s n } G l\l no3JKe mm noKajKeM, hto 



38 



OTBeT Ha 9tot Bonpoc OTpHn,aTejieH, a Tor^a ecTecTBeHHO HaiiTii Kjiacc cpyHKHHH (kohchho, 
BKjnonaiomHH npocTpaHCTBa W® npri 9 > 0), fljia KOTopbix cbohctbo {s n }^ ( L 1 G 1% BbinojiHeHO. 
Hania uejib — noKa3aTb, hto sto cbohctbo BbinojiHeHO rjisi (pyHKiniii Kjiacca KojiMoropoBa- 
CHJieBepcTOBa-rijiecHepa (cm. (3 rji. 8]). 3tot KJiacc coctoht h3 cpyHKHHH u(x), ,n;jia kotopmx 

TT 

\ak\ 2 In k < oo, a*; = — I u(t) cos(kt)dt. (3.18) 

,T[jia y^;o6cTBa ccpopMyjinpyeM HeKOTopbie onpeflejieHna h pe3yjibTaTbi H3 Teopnn 
TpnroHOMeTpHHecKHx pa^OB, KOTopbie 6yu;eM Hcnojib30BaTb. 

H3BecTHO rji. 8], hto ^Jia npoH3BOJibHoii cyMMHpyeMofi cpyHKHHH f(x) noHTH npn Bcex 
x G [0, 7r] cymecTByeT npe^eji 



TT 



T'^oJ 2tg(t/2) 

cDyHKHHH /(x) Ha3biBaeTca conpajKeHHOH k /(x). HHJKecjie^yioiuHe pe3yjibTaTbi mojkho Haft™ 
b MOHorpacpnax p], |14| . 

TeopeMa A. (M. Phcc). ifo/iu /(a;) G L p npu p > 1, mo f(x) G L p . 

TeopeMa B. (<D.Phcc h M. Phcc). Ecau diyHKyufi f(x) a6coMorauo Henpepuena, a 
conpttMcennasi k ee npou3eodnou f'{x) ci/MMupyeMa, mo pnd <Pyphe (jjyHKyuu f(x) a6coAtomno 
cxodumcH. 

TeopeMa C (JlysHH-^aHJKya) Ecau mpusoHOMempuuecKuu pud 



— + a n sin(nx) + b n cos(nx) 

n=l 

cxodumcH a6coAwmHO na MHOwcecmee HenyAeeou Mepu, mo pnd ^(|a n | + \b n \) cxodumcn. 
TeopeMa D. (3nrMyHfl) Ecau fyyuKuusi f(x) usMepuMa u |/(x)|ln + |/(x)| cyMMupyeMa, mo 
conpsicHceHHafi k f(x) maKcnce cyMMupyeMa. 

TeopeMa E. (ILiecHep) YcAoeue (|3.18l) sKeueaAeumuo ycAoeum 

TT TT 

\u(x + t)—u(x — t)\ 2 , , 

v '-^altolx < oo (3.19) 




t 



(3decb npednoAasaemcM, umo u(x) nepuoduuecnu npodoAotcena c ompe3%a [0, 7r] na W). 

Cjie^yiomaH jieMMa, bo3mojkho, H3BecTHa, ho mm He CMorjin HafiTH ee b jiHTepaType h 
noTOMy npHBe^eM ee c ^OKa3aTejibCTBOM. 

JieMMa 3.10. Ecau u(x) ydoeAemeopnem ycAoeuw (|3.19j) . mo conpnwceHHasi k <fiyHKU,uu u 2 (x) 
cyMMupyeMa. 

Proof. IlocKOJibKy pa3HOCTb tg(t/2) — l/(2t) HenpepbiBHa, to ^ocTaTOHHO ^OKa3aTb, hto 

(pyHKHHfl 

TT 

~, . f u 2 (x + t) - u 2 (x - t) , 
u 2 (x) := / — i i J -dt 
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cyMMiipyeMa. OaeBHflHO, ycjiOBne (|3.19l) SKBHBajieHTHO ycjiOBiiio 

[u(x + t)- u(x - i)]r 1/a e L 2 (Q), Q = [0, tt] x [0, tt]. 
3to cbohctbo BJieneT 

[u(x +t) + u(x -t)- 2u(x)]r 1/2 e L 2 (Q). 

Tor^a 

[u(x + t) - u(x - t)}[u(x + t) +u(x-t) -2u(x)]r 1 G Li(Q). 
B CHJiy TeopeMbi <Dy6nHH iiomth ,t,jih Bcex x G [0, 7r] cymecTByeT HHTerpaji 

TT 7T 

1>. 2,„ , ..2 ■ /'I 



^ v u (x + i) — u (x — t))<ii — 2u(x) j -(u(x + t) — u(x — t))dt = u 2 (x) — 2u(x)u(x). 

o 

TaK KaK u(x) G L 2 , to b CHJiy TeopeMbi A nojiyaaeM u(x) G L 2 , a noTOMy u(x) G L 2 . 
Cjie^OBaTejibHO, u 2 (x) G Li, a Tor^a m 2 (x) G Li. JleMMa ,n;oKa3aHa. □ 

Ilpefljio^eHHe 3.11. Ec.au u(x) noduuHena ycAoeuw (|3.18j) . mo nocaedoeameji'bHocmb {s n } 
e acuMnmomunecKou cfiopMyjie (|3.8|) npunadAecHcum l\. 

Proof. /JocTaTOHHO noKa3aTB, hto {Ai}, {£„} G l\, r^e £ n onpe^ejieHbi b (|3.17l) . HHTerpnpya 
no nacTAM, nojiynaeM 

A n = — J u 2 (t) cos(2nt)dt = \j /(*) sm(2nt)dt, f(x) := J u 2 (t)dt — x J u 2 {t)dt. 



cDyHKHiia f(x) a6cojnoTHO HenpepbiBHa, a corjiacHO jieMMe 13.101 conpa>KeHHaa k f'(x) 
cyMMiipyeMa. B cnjiy TeopeMbi B pa,n, <l>ypbe (pyHKuiiii f(x) cxo^htcji a6cojnoTHO. B ciuiy 
TeopeMbi C Tor^a {A n } G l\. 

J\OK?OYJdM, hto {£, n }™ =l G l\. HMeeM 



n=l k=l n=l 



1 1 1 

2n + k 2n — k n 



OneBH^HO, BHyTpeHHaa cyMMa Ma»copiipyeTca BejiiiHiiHoii M\nk. Tor,na ycjiOBiie ()3.18|1 BJieneT 
cxoflHMOCTb pa,a,a. npefljioateHiie ,a,OKa3aHO. □ 

3.5. 06cy>K,z];eHHe tohhocth pe3yjii>TaTOB. HToroBaa TeopeMa. Bo3HHKaeT Bonpoc: 
mojkho jih ,i],OKa3aTb, hto {s n }^ =1 G l\ 6e3 Tpe6oBaHHfl ycjiOBiia (|3.18jl ? Mm y>Ke ynoMHHajiH, 
hto OTBeT Ha 3tot Bonpoc OTpimaTejieH. Bojiee Toro, mm noKa>KeM, hto cymecTByeT 
HenpepbiBHaa BemecTBeimaa (pyHKUiia u(x), ^Jia KOTopofi {s n }^ =1 l\. Ha nepBbiii B3rjia,n; 
3to KaaceTca CTpaHHbiM. Ho npoTHBopeaiiH hct: npocTpaHCTBO C[0, 7r] reoMeTpaaecKH "njioxo" 
Bjio>KeHO b L2[0,7r], b aacTHOcra, oneaTop Bjio>KeHna He KOMnaKTeH. Ecjih me paccMOTpeTb 
npocTpaHCTBO (pyHKn,HH, b kotopom HopMa onpe,a,ejieHa pa^OM (|3.18jl . to sto npocTpaHCTBO 
KOMnaKTHO BJio>KeHO b L 2 [0, 7r]. nosTOMy He Bee HenpepbiBHbie (pyHKinm yflOBJieTBopaiOT 
ycjiOBHio ()3.18ft . 



40 



npeAJiCDKeHHe 3.12. Cyvjficmeyem eev^ecmeeHHasi Henpepuenan 4>yHKH,un u{x), djin 
Komopou nocAedoeameAbHocmb {s n }^ =1 U3 (|3.1j) ne npunadneMcum npocmpaHcmey l±. 

Proof. IIojiojkhm u(x) = J2 a nCOs(nx), r^e 



1 _ ^-2 



a,, 



p 2 , ecjin n = 2 • 2 V , p = 1, 2, . . . , 



, HHaae 



OneBHflHO, u(x) — BemecTBeHHaa cpyHKniia, a ee HenpepbiBHOCTb cjie^yeT H3 paBHOMepHon 
cxoflHMOCTH pa^a 



a n cos(nx) 



re=l 



^Em = E^ <o0 - 



n=l p=l 

O^eBH^HO TaKJKe, hto ycjiOBHe (13.181) ,a,Jia stoh (pyHKnnn He BbinojraeHO. 

^OKa>KeM, hto {n _1 A n }^ 1 £ I], a {r n }%Li £ h, OTKyaa 6y#eT cjie^OBaTb {s n }™ =1 £ h. 
3aMeTHM, hto (pyHKinia u 2 (x) (conpaateHHaa k u 2 {x)) cyMMnpyeivia. 3to cjie^yeT H3 
HenpepbiBHOCTH u 2 {x) h ccpopMyjinpoBaHHoii b npe^biflymeM nyHKTe TeopeMbi D. Ho Tor^a, 
noBTopaa ^OKa3aTejibCTBO npejTJToateHHa l3~TT| nojiynaeM {n~ 1 A n } t ^L 1 G l\. 

IlycTb aiicjia £ n onpe^ejieHbi paBeHCTBaMn (|3.17|) . J\oksjkqm, hto {^, n }^ =l ^ l\. Tor^a H3 
jieiviMbi l3~6l 6v jeT cjie^OBaTb {r n }^L 1 ^ l\. 

IIojiojkhm n p = 2 p4 n paccMOTpaM MHOJKecTBa HH^eKCOB T p = {n p -\-jYjL\, p — 1,2, ... . 3th 
MHCOKecTBa He nepeceKaiOTca npn pa3JinHHbix p, a noTOMy 

oo oo 

E i&i > EE i&i- ( 3 - 2 °) 

n=l p=l n£T p 

Tenepb H3 onpe^ejieHHH nnceji £ n npn n G T p nojiyaaeM 



(2n p ) 2 | ^ \ 2,: 

f 9r) — n .. 1 f 9n -I- n.__ m. In n I ^— ' ^— < 



(2n — n p )(2n + n p )n\nn p \~[ -+\) ^ n ~ 2n s \(2n + 2n s )nlnn 6 



> 



> 



=i s=p^ 

2 



[n — n„) In n„ ns 4 
v p/ p s=p+i 



3,a,ecb mm BOcnojib30Bajiacb aBHbiM bh^om ,h,jih KOScpcpnnrieHTOB a HepaBeHCTBaMH 
n + n s ^ 2n s , ecjia s )pn |2n — 2n s \ > n s , ecjia s ^ p + l (b o6ohx HepaBeHCTBax n G T p ). 
Tenepb 3aMeTHM, hto pa^ 

2n„ 



r,.<;4 ^— ^ Qr,3 / ~ 



ns* 1 14 — ' 3rT I X 

p=l nsr p s=p+l p=l 



cxoflHTca, a pa^; 



pacxo^HTca. Ho Tor^a pacxo^HTca pa^ ()3.2fl|) . npe^jiojKeHne ^OKa3aHO. □ 
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B npeiTJTCxaceHHH l3~8l Mbi flOKa3ajin, hto {s n ln~ p (n + 1)}^ G h npn jiio6om p > 1, ecjin 
u(x) G L2. riocTpoGHHbiH npHMep noKa3biBaeT, ^to MHO>KHTejib ln _p (n + 1) y6paTb Hejib3H. 
Bo3HHKaeT ecTecTBeHHbiH Bonpoc: mojkho jih nojio>KHTb p = 1 (xaK sto 6bijio c^ejiaHO b 
npe^;jio»ceHHH 13 .9|) ? Otbct Ha stot Bonpoc HaM HaiiTH He y^ajiocb, ho nojie3HO 3aivieTHTb, 
hto cymecTByiOT (pyHKHHH u(x) G L2, rjisi KOTopbix {A n n~ 1 \n~ 1 (n + ^ h- B KaaecTBe 

npHMepa paccMOTpHM (pyHKHHio 



_ y> cosnx 
/W ~ ^lnln(n + l)' 



IlocjieflOBaTejibHOCTb a n = lnln ( n+1 ) MOHOTOHHa h BbinyKjia, a noTOMy yKa3aHHbiii pa^ cxo^HTca 
npn Bcex x > k HeoTpHHaTejibHoii cyMMHpyeMoft cpyHKHHH f(x) (cm. |141 rji 5.1]). Ho Tor^a 
u(x) = yffjx) G L 2 h A n = lnln( 1 n+1) . Cjie^OBaTejibHO, {A n n _1 \n~\n + 1)}^ ^ Zi- 
riojie3HO pe3K)MHpoBaTb nojiyneHHbie b stom naparpacpe ocHOBHbie pe3yjibTaTbi. 

TeopeMa 3.13. Co6cmeeHHue 3HaneHUH X n onepamopa L c npaeeuMU ycAoeuHMU JJupuxAe 
nodnuneHU acuMnmomuKe (|3.8j) . zde nocAedoeameAbHocmb {s n } e 3aeucuMocmu om <fiyHKU,uu 
u{x) o6Aadaem CAedywn^uMU ceoucmeaMu: 

i) s n — 0(n~ 2 ), ecAu u(x) G V ; 
H) s n = 0{n~ 2a ), ecAU u{x) G A a ; 
in) s n = 0(n^ 2a \nn) , ecAU u(x) G A^; 

iv) s n G l p u {s n \ia~ p (n + l)}^Li G h npu ak>6om p > 1, ecAU u(x) G L 2 ; 

v) s n G If npu aw6om p > 1 u {s n ln _1 (n + 1)}^ G if, ecAU u(x) G W$, < 6 < 1/2; 
vi) s n G l\, ecAU u(x) noduuHena ycAoeuw KoAMOsopoea-CuAeeepcmoea-IlAeccHepa (|3.18|) . 

3.6. AcHMnTOTHKa co6cTBeHHbix cpyHKii;HH. 3flecb mm He 6y^eM no^poSHO 
ocTaHaBJiHBaTbca Ha ^eTajiax h npHBe^eM HToroBbifi pe3yjibTaT. 



TeopeMa 3.14. Co6cmeeHHue aiyuKuxiu onepamopa L ujuewm acuMnmomuKy 

+ 

(3.21) 



(x n \ 

— J u(t) cos(2nt)dt + J u(t) (l — ^) cos(2nt)dt J + 
71 / 

+ cosna; I — - j u(t) sm(2nt)dt + J u 2 (t) sin(2nt)dt \ +ip n (x), n = 1, 2, . . . , 
V ^ / 



a nocAedoeameAbHocmb 4>yHKU,uu ij) n {x) e 3aeucuM0cmu om (jjynKyuu u{x) o6Aadaem 
CAedywm,UMU ceoucmeaMu: 

i) \ip n (x)\ ^ Mn~ 2 , ecAU u{x) G V ; 

ii) \ip n (x)\ ^ Mn~ 2a , ecAU u(x) G A a ; 



Hi) \i[> n (x)\ ^ Mn 2a \nn, ecAU u(x) G A 



2 . 

a) 
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iv) \ip n (x)\ p + Yl l^nt^)!™ 1 p < M{p) npu ak>6om p > 1, ecAU u(x) G L 2 ; 

n=l n=l 

oo oo 

v) \^n{x)\ p n 28 + \i'n(x)\n 1 - p < oo npu aw6om p>l, ecAU u(x) G W%, < 6 < 1/2; 

n=l n=l 
oo 

vi) 1^(^)1 < M, ecAU u{x) nodnuHena ycAoeuto (I3.18J) . 

n=l 

Bo ecex ou ) eHKax nocmoHHHan M ne 3aeucum om x. 

Proof. IloflCTaBHM aciiMnTOTH^ecKiie (popMyjibi (|2.7j) h (I2.24jl ,a,jia cpyHKHPiii 6(x, A) h r(x, A) b 
(popMyjiy (12 .3j) . IIojiyaHM, hto penieHHe y(x,X) ypaBHeHiia (12. lj) . yzjOBjieTBopaiomee ycjiOBHio 
y(0, A) = 0, HMeeT aciiMirroTHKy 

y(x, A) = sin(A 1/2 x) ^1 - 6(0, x, A) - ^\- 1/2 A(0, x, A)^ + cos(A 1/2 x)d(0, x, A) + p(x, A), 

r^e \p(x, A)| < MT 2 (A). YaHTbiBaa paBeHCTBO An^ 2 = n — |&2n + s n , nocjie HecjiojKHbix 
npeo6pa30BaHHH nojiyaHM npe^CTaBjieHHe (J3.21I) . Ilpn stom b ocTaTOK i/j n (x) BOH^yT HecKOJiBKO 
(pyHKn,HH, H3 KOTopbix HanSonee cjiojkho on,eHHBaeTca cpyHKHPia 



x t 

1 

,2\ 



2w(0, x, n 2 ) + ^-U(x) = J J u(t)u(s) cos(2nt) sin(2ns)dsdt + ^- J u 2 (t)dt. (3.22) 







Ee on,eHKa b cnyaae npHHa^jieatHOCTH u(x) npocTpaHCTBaM V, A a , A^, npoBO^HTca TaioKe, 
KaK npH x = 7i. B cnyaae u(x) G W®, ^ 9 < 1/2, Hysaio BOcnojib30BaTbca TeM, 
hto onepaTop yMHOJKeHHa Ha xapaKTepncTHaecKyio cpyHKHHio X[o,x] HenpepbiBeH b W% (cm., 
Hanpniviep, |jj Teopeivia 17.11]). SaivieTiiM, hto BbipajKeHne ()3.22|) coBna^aeT c BbipajKeHiieivi 
2w(0,7r,n 2 ) + ^-U(tt) cocHHTaHHbiM fljia (pyHKHHH X[o,x]u(x). Ho npn x = n Bee oueHKH 6mjih 
nonyaeHbi paHee. cDyHKHHH u{x), no,a,aHHeHHbie ycjiOBHio (I3.18j) bxo^ht b W® npn jiioSom 
6 > 0, nosTOMy ,a,jia hhx npoBe,a,eHHbie paccya<:,i],eHHa ocTaiOTca b cnjie. 3thm 3aBepmaeTca 
^OKa3aTejibCTBO TeopeMbi. □ 



§4. OnepaTopbi IIlTypMa - JlnyBHjijiH c noTempiajiaMH 

BblCOKOH CHHryjiapHOCTH 

B § 1.5 6bijio noKa3aHO, hto nonbiTKH onpe^ejiHTb onepaTop UlTypMa-JlHyBHjuia, 
nopojK^eHHbiH ^H(p(pepeHii;HajibHbiM Bbipa>KeHHeM (jO.ip c noTemniajiOM, He npHHafljiejKaiHHM 
KJiaccy pacnpeflejieHHH W 2 ~ , conpaaceHbi c TpyflHOCTaMH. Bo bc3kom cjiyaae, TaKOH 
onepaTop He aBJiaeTca KoppeTKHO onpeflejieHHbiM c tohkh 3peHHa npeflejibHoro nepexo^a. 
Ochobhoh BbiBOfl coctoht b cjie^yioiu,eM — fljia nocTpoeHHa onepaTopa UlTypMa-JlHyBHjuia 
c noTeHHPiajiOM q(x) — pacnpe^ejieHHeM BbicoKoro nopa^Ka (J q(x)dx ^ L 2 ) He^ocTaToaHO 
Toii HH(popMan;HH, KOTopaa 3aKJiioaeHa b onpeflejieHHH o6o6ni;eHHOH cpyHKii;HH q(x). 3^ecb mm 
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noKa>KeM, kbk moxho oSohth sth TpyflHOCTH, ecjiH npHBjieab ^onojiHHTejibHyio HHCpopMainiio 
o noTempiajie. Hac 6y,ayT HHTepecoBaTb noTeHiniajia BH,a,a 



q(x) = x a (4.1) 

Ha OTpe3Ke [—1, 1]. Otmcthm, hto q(x) peryjiapeH npH Re a > — 1 h aBjiaeTca pacnpe^ejieHneM 
nepBoro nopa^Ka npn Re a > —3/2 (ecjin tojibko q(x) ^ A, cm. §1.6, npniviep 1). Hania 
uejib — KoppeKTHO onpe^ejiHTb onepaTop IIlTypMa-JlHyBHJiJia c flaimbiM noTeHHiiajiOM npn 
flpyrnx 3HaaeHax a. Mm npefljioacHM flBa MeTOfla onpeflejieHna SToro onepaTopa npHBOflaiHHe 
k oflHHaKOBOMy pe3yjibTaTy. IlepBbiH H3 hhx ocHOBaH Ha aHajiHTHaecKOM npo,a,oji>KeHHH 
onepaTopHoro ceMeiicTBa, onpeflejieHHoro npn Re a > —3/2, b oSjiacTb — 2 < Re a ^ —3/2. 
BTopoii 6a3npyeTca Ha nocjie^OBaTejibHOH peryjiapH3aHHH ^nicpcpepeHiniajibHoro BbipajKeHHa 
1)0. lj) . Otmcthm, hto Hcnojib3yeMbie 3,n;ecb MeTO^bi HMeiOT aHajiornio c MeTO^aiviH, KOTopbie 
6biJin Hcnojib30BaHbi BepHHiTeiiHOM ,a;jia onpe^ejieHHa o6o6meHHbix cpyHKHiiii x a (cm. [10j). 
PaccMOTpeHHbie 3^ecb noTeHiniajibi aBjiaiOTca MO^ejibHbiMH h o6a MeTOfla ^onycKaiOT 
o6o6meHHa Ha 6ojiee hihpokhh Kjiacc noTeHHiiajiOB. 

4.1 IlocTpoeHHe onepaTopa MeTOflOM aHajiHTHHecicoro npcmoji^emia. 3,a,ecb mm 
nocTpoHM onepaTop IIlTypMa-JlHyBHJiJia L(a) Ha OTpe3Ke [—1, 1] c noTeHiniajiOM q(x) = — \x\ a 
(flpyrne noTeHaaajibi Tuna (|4.ip SynyT KpaTKO paccMOTpeHbi Hiiace). 3a(piiKCiipyeM KpaeBbie 
ycjiOBHa ^apiixjie 

y(-l) = y(l) = 0. 

3th KpaeBbie ycjiOBHa mm Bbi6npaeM ,a,jia onpe^ejieHHOCTH, bo H36e>KaeHHe TexHiiaecKHx 
cjiojKHOCTefi, He CBa3aHHbix c cyTbio 3a,u;aaii. 

Mm HaaHeM c noncKa cpyH^aMeHTajibHOH chctcmm peniemiH (<DCP) o^HopoflHoro ypaBHeHna 

-y" - \x\ a y = (4.2) 

Ha npoMe>KyTKe [0,1]. 06o3HaaHM 

n Q := {a I Re a > -2, a ^ -2 + -, n = 1, 2, 3, . . . }. (4.3) 

n 

Xoponio H3BecTHO (cm., HanpHMep [35]), hto ecjin a G to <J>CP HMeeT bha 

U^x) = m-v-rfi - -)V^J^/J-x m/2 ), U 2 {x) = m ^ m r(i + -)V^Ji/ m (-x m/2 ), 
\ mJ \m J \ m/ \m J 

r^e m = 2 + a, Rem > 0, m ^ -, n = 1,2,3,..., T(-) - raMMa cpyHKinia, a J v {-) - 
(pyHKHHH Beccejia. AHajiornaHO mojkho BbiSpaTb <DCP Ha npoMe»cyTKe [—1,0]. Ilpn stom 
b CHjiy aeTHOCTH q(x) moxho B3aTb 

Uxi-x) = U x {x), U 2 {-x) = -U 2 {x). 

BbinnnieM acHMnTOTHaecKHe pa3Jio>KeHHa (pyHKipiii Uj(x) b Hyjie, x > 0: 

tl(t) - 1 ^ + ^ 

U n- L ) 1 l!m(m-l) T 2!m 2 (m-l)(2m-l) 

(4.4) 

TT j \ [-1 X m , X 2m 1 

U 2 [X) — X [1 — 1!m ( m+1) + 2!m 2 (m+l)(2m+l) — • • ■ J • 
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06e (pyHKinin Uj(x), j = 1,2 jie>KaT b L 2 . ,Hjifl onpe^ejieHna cpCP ypaBHeHna (14.21) Ha [—1, 1] 
HeoSxo^HMO 'cKjieiiTb' <DCP Ha [—1,0] h [0,1]. ,Hajiee mm 6y,a,eM CHHTaTb (pyHKipno U x (x) 
neTHoii, a (pyHKiniio U 2 (x) HeneTHOH Ha [—1,1]. 3to (pHKcnpyeT cnoco6 'cKjieinoi' h, KaK 
6y^;eT ,n;oKa3aHO no3^Hee, nojiHOCTbio onpeflejiaeT hckommh onepaTop. 

HTaK, npncTynHM k nocTpoeHHio onepaTopa. Hcnojib3ya MeTOfl BapnauiiH nocToaHHbix, 
mojkho 3anncaTb o6m;ee penieHne Heo^HopoflHoro ypaBHeHna 



-y"-\x\ a y = f(x), f(x) E L 2 [-l,l], 



(4.5) 



B BH^e 



y(x) 



Ci + / U 2 (t)f(t)dt U^x) 



C 2 



U x {t)f{t)dt U 2 (x), 



HJIH 



Tor^a 



y(x) = AU^x) + BU 2 (x) + J U^f^dtU^x) - J U x {t)f(i)dtU 2 {x). (4.6) 



y{x) = AU x (x) + BU 2 (x) + z(x), r^e z(x) G W^-l, 1] h z(0) = z'(0) = 0. 

IlocKOJibKy 3to o6iiniH bh,i], peineHHfl ypaBHeHHa ()4.5|) . to mo>kho onpe^ejiHTb onepaTop L(a) 
paBeHCTBaMH 



L(a)y = l(z), 



A,BeC; z(x) G W 2 2 [-l,l]; 
z(0) = z'(0) = 0; y(±l) = 0. 



£>(L(a)) = |y(x) = AZ7i(ar) + B[/ 2 (x) + z(z) 

Tenepb HaM noTpeSyeTca TeopeMa o cymecTBOBaHHH h gahhctbghhocth pemeHHa 3aflanH Kohih 

(4.7) 



L(a)y = \y + f 

a TaKJKe o rojiOMopcpHoii 3aBHCHMOCTH BToro penieHHa ot napaivieTpoB a h A. 

IlpefljioJKeHHe 4.1. Flycmh A G C, |A| < £, ?de £ docmamouHO MaAoe hucao. 3atfiuKcupyeM 
nanaAbHue ycAoeun 

y{t) = a, 1/(0 = 6, (4-8) 

2cte a, 6 G C; £ G [—1,1], £ 7^ 0. Tozda npu ak>6om f G L 2 cymecmeyem eduHcmeeHHoe 
peuienue ypaenenuM U3 T)(L(a)), m. e. 

y(x) = AU x {x) + BU 2 (x) + z{x), zde z{x) G W 2 2 [-l, 1] u z(0) = z'(0) = 0, 

npuueM y(x) ydoeAemeopnem ycAoeuHM \4..<ty . Kpojue moso, $yHKU,UH y(x, A, a) zoAOMopcjjna 
no a eH a 3am diuncupoeaHHUx x G [—1,1] u X, |A| < e u soAOMoptpna no A npu |A| < £ 3am 
cfiuKcupoeaHHUx x G [— 1, 1] u a G n a . 
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Proof. 3annineM penieHiie ypaBHeHPia (|4.6j) c HanajibHbiMH ycjiOBHHMH y(£) = y'(Q — 

X X 

y(x) = [ U 2 {t)f(t)dtUi{x) - ! U x (t)f{t)W 2 {x). 



Tax KaK BpoHCKiiaH napbi {Ui(x),U 2 (x)} paBeH 1 (sto cjie^yeT H3 acnMnTOTHHecKnx (popiviyji 
(|4.4jl ). to mo)kho noflo6paTb KOHCTaHTbi A h B, Tax hto yo(x) = AU\(x) + BU2(x) + y(x) 
yflOBjieTBopaeT ycjiOBiiaM (I4.8JI . /IpcTaTOHHO B3aTb 

A = bU 1 {Z)-aU&), B = aU[{0-bU 2 {£). ( 4 -9) 

PaCCMOTpilM 0T06pa>KeHH5I H3 L 2 b D(L(a)) 

y = F(f), y = Ef. 
OTo6pa>KeHHe E jihhghho h 06a sthx OTo6pa>KeHna orpaHirqeHbi: 

\\yoh 2 ^ Hf/ilk / \u 2 (t)\\f(t)\dt + \\u 2 \\ L2 } \u 1 (t)\\f(t)\dt + |A|||^|| L2 + |s|||c/ 2 || i2 < 

-1 -1 

< 2||[/ 1 |U 2 ||[/ 2 |k 2 ||/IU 2 + |^|||f/i||L 2 + \B\\\U 2 \\ L2 ^ d||/|| i2 + c 2 , 

nocKOJibKy a, (pHKcnpoBaHbi; 



HcKOMoe penieHHe ypaBHeHiia (I4.7jl HaiyjeM MeTO^OM nocjie^OBaTejiBHbix npii6jiH>KeHHH 
yo = F(f), yi = F(Xy + /),..., y n = F{Xy n - X + /), .... Tor^a 

n 

2/n(^) = Vo(x) + 5^ ^ fc ( x ) ~ Vk-i(x)) . (4.10) 
fc=i 

OyHKi^HH Vk(x) = yk(x) — yk-i( x ) yupBJieTBopaiOT ypaBHeHiiio 

L(a)v k = Xvk-i, 
npH^eM ffc(0 = v' k (£) = 0, h mbi nojiynaeM oixghkh 

IK||l 2 ^ Ci I A I II 1 II ^ • • • < (C 1 \X\) k ~ 1 |M|l 2 - 

TaKHM o6pa30M, npii Majibix |A| pafl ()4.1fl|l cxo^HTca b L 2 h onpe^ejiaeT HCKOMoe penieHiie 
ypaBHeHHa (14.71) y(x, X, a). 

,I[oKa>KeM g^hhctbghhoctb nocTpoeHHoro peineHHa. Tpe6yeTca noKa3aTb, hto cpyHKipia 
y(x), Taxaa hto 

y{x) = AU x {x) + BU 2 (x) + z{x), r#e z(ar) e Wf[-1, 1], z(0) = «'(0) = h 

-z" - |x| a 2 = Ay, 
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yflOBjieTBopHiomaH HanajibHbiM ycjiOBHaM y(£) = y'{£) = TOJKflecTBeHHO paBHa Hyjiio. IlycTb, 
HanpHMep, £ < 0. Tor^a b CHjiy KjiaccnnecKOH TeopeMbi g^hhctbchhocth, y(x) = Ha [—1,0], 
T.e. z(x) = —AU\{x) — BU2(x). Tax KaK z(0) = 0, to h3 acHMnTOTnnecKnx cpopMyji (|4.4j) 
cjie^yeT, hto A = 0. AHajiornnHO, z'(0) = BJieneT paBeHCTBO 5 = 0. HTaK, y(x) = z(x) Ha 

[-1,1], r ^ e 

z(0) = z'(0) = 0, z(x) G Wf[-1, 1], (4.11) 

-z" - \x\ a z = Xz. (4.12) 

OcTajiocb ^OKa3aTb, hto z(x) = Ha [0, 1]. SaivieTHM, hto h3 ycjiOBHfl (|4.1ip cjie^yeT oueHKa 
\z(x)\ ^ Cx 3 ! 2 . PaccMOTpHM cpyHKHino w(x) = z(x)x~~ 3 / 2 . IlycTb max |w(a;)| = M, r^;e S 

0^x^.6 

,a,0CTaT0HH0 Majio. IlepenHHieM ypaBHeHne (|4.12j) b HHTerpajibHOM BH^,e 

x t 

, W = -//(A + O.W^. 



OTCio^a jierKO cjie^yeT oneHKa 

\z(x)\ ^ -M(\X\ + l)x 7/2+a ^ -M(e + l)x 7/2+a < Mx 3/2 
3 3 

npn HafljiejKameM BbiSope 5, hto BjieneT M = h z(x) = Ha [0, 5]. H3 KjiaccnnecKon TeopeMbi 
e^HHCTBeHHOCTH nojiynHM, hto z(x) = Ha BceM OTpe3Ke [0, 1]. 

Tenepb ^OKa>KeM rojiOMopcpHOCTb ?/(x, A, a) no a. SaivieTHM, hto 

\y{x,X,a)\ = \Ef(x)\ ^ 2 sup {\U x {x, a)\\U 2 (x, a)\}\\f\\ L2 ^ C 3 \\f\\ L2 . (4.13) 

[-1,1] 

YMeHbinafl, ecjiH Ha,a,o |A|, nonynHM paBHOMepHyio cxo^hmoctb psi,na (I4.1()jl . B cnjiy 
rojiOMopcpHOCTH Uj(x, a), j = 1,2, cpyHKniin y(x, a) h y (x,a) TaK>Ke rojiOMopcpHbi. H3 ()4.6|) 
h ()4.9|) cjie^yeT ronoMopcpHOCTb y n (x } a) a 3HanHT h y(x, A, a). AHajiornnHO flOKa3biBaeTca 
rojiOMopcpHOCTb y(x, A, a) no A. □ 

IlocTpoeHHe onepaTopa L(a) Heo^HOSHanHO. O^HaKO Hanie onpe^ejieHne L(a) 
onpaB^biBaeTca TeM, hto nocTpoeHHoe onepaTopHoe ceMeficTBO hbjihctch ronoMopcpHbiM 
no a. HanoMHHM (cm. |15|). hto ospanuneHHoe ceMeucmeo onepamopoe T(a) e 
8UAt>6epmoeoM npocmpancmee na3ueaemcM zoAOMopdpnuM, ecjiu 3am ak>6ux eenmopoe fug 
cfjyuKi^UM (T(a)f,g) soAOMopgjna; HeospammeHHoe ceMeucmeo onepamopoe T(a) Ha3ueaemcn 
80AOMop$HUM, ecAU cymficmeywm ozpauuHCHHue zoAOMopfynue ceMeucmea U(a) u V(a) 
mame umo 

U{a)T{a) = V(a). 

TeopeMa 4.2. 06Aacmb onpedeAenun D(L(a)) nAomna e L 2 . Pe30AbeeHmnoe Mnoofcecmeo 
p(L(a)) ne nycmo u VA G p(L(a )) pe30Abeenma R\ = (L(ao) — A) -1 KOMnanmna. CeMeucmeo 
onepamopoe R\(a) ospanuuenHO zoAOMop<f>no e nenomopou OKpecmuocmu mourn «o no 
napaMempy a (npu gjuKcupoeannoM X). CaMU onepamopu L(a) o6pa3ytom HeospaHUHennoe 
caMOConpHMceunoe zoAOMoptfinoe ceMeucmeo npu a E Tl a , zde o6Aacmb Tl a onpedeAeua e 
Cnenmp L(a) ducnpemen, a co6cmeeHHue 3HaueHun Xk(a) anaAumuuHU no a u 6oAee mozo, 
ne UMewm oco6eHHOcmeu. Bee onepamopu L(a) noAyospauuneHU cuu3y. 
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Proof. IljioTHOCTb jirmeajia D{L(a)) b L 2 [— 1,1] oneBHflHa. 7JoKa>KeM, hto p(L(a )) ^ 0. 
PaccMOTpHM (p(x) - peineHne ypaBHeHHa (14. 7J) rjih f(x) = c HanajibHbiMH ycjiOBHAMH 

if{— 1) = 0, </?'(— 1) = 1. B CHJiy TOJIOMOpCpHOH 3aBHCHMOCTH OT A, (pyHKipiH (^(1,A, tto) 

npn |A| < e o6pamaeTCH b hojib Ha ^HCKpeTHOM MHOJKecTBe. IlycTb <^(1, Ao, cuo) 7^ 0. 
fljifl npoH3BOJibHOH cpyHKHHH fix) G L2 HafifleM peineHne ypaBHeHiia (|4.7jl ^(x) c TeMH }Ke 
Ha^ajibHbiMH ycjiOBHaMH 1) = 0, ip'(—l) = 1. Torflay(a:) = ^(x) — ^iy(y9(x) y^OBjieTBopaeT 
(|4.7j) h G !0(L(a)). 3HanHT A G p(L(« )). KoMnaKraocTb onepaTopa R\ cjie^yeT 

H3 Toro, hto onepaTO L(a) nBjiaeTca flByMepHbiM B03MymeHiieM onepaTopa — npaMoii 
cyMMbi onepaTopoB — -J^ — |x|~ 2+1 / n Ha [—1,0] h [0,1] c ycjiOBHaMH ^HpHxjie Ha kohheix. B 
CHJiy rojiOMopcpHOCTH (p(l, Ao, a) no a mojkho Bbi6paTb flocTaTOHHO Majiyio OKpecTHOCTb 0{o,q) 
tohkh ao, b KOTopoii 3Ta (pyHKinia He o6pamaeTCH b HOJib. Tor^a ceivieHCTBO orpaHHneHHbix 
onepaTopoB R\ (a) onpe^ejieHO b OKpecraocTH 0(ocq) h HBjiaeTca rojiOMopcpHbiM b stoh 
OKpeCTHOCTH. H3 paBeHCTBa 

L(a)R Xo (a) = I + X R Xo (a) 

cjie^yeT rojioiviopcpHOCTb ceMeiicTBa L(a) b 0(ocq). B CHJiy npoH3BOJibHOCTH «o nojiynaeM, 
hto ceMeiicTBO L(a) ronoMopcpHO b Tl a . Ilpn Re a > — 1 ceMeiicTBO L(a) aBjiaeTca 
caMOConpa>KeHHbiM rojiOMopcpHbiM ceMeiicTBOM. B cnjiy TeopeMbi e^HHCTBeHHOCTH, sto 
cbohctbo coxpaHHTca h npn a G Tl a . Tax KaK pe30JibBeHTa paccMaTpHBaeMbix onepaTopoB 
KOMnaKTHa, to cneKTpbi paccMaTpHBaeMbix onepaTopoB coctoht h3 co6cTBeHHbix 3HaneHHH 
Afc(a), npHneivi bth coScTBeHHbie 3HaneHHH rojiOMopcpHO 3aBHCHT ot a G n a (cm. |15|). H3 
3Toro (paKTa h h3 nojiyorpaHHHeHHOCTH L{at) npn Re a > —1 cjie^yeT nojiyorpaHHHeHHOCTb 
npn a G Tl a . HaKOHen, KOMnaKTHOCTb pe30JibBeHTbi npn Bcex A, a He tojibko npn |A| < e 
cjie^yeT H3 pe30JibBeHTHoro TOK^ecTBa 

R\ — Rfj, = (A — n)RxR^. 
Teopeivia nojiHOCTbio flOKa3aHa. □ 

4.2. Onpe^ejieHne onepaTopoB b HCKjiiOHHTejiBHBix TOMKax. 

HaM ocTajiocb onpe^ejiHTb onepaTop b TOHKax a = —2 + n = 1, 2, 3 . . . . 

Ilpe^jio^eHHe 4.3. Tlycmt a — > a n , zde a n = —2 + - 3ah neKomoposo n G N. Tosda 
onepamopu L(a) cxodnmcn e cuakhom pe30AbeeHmH0M CMUCAe k onepamopy L e - npsiMou 
cyMMe onepamopoe —-£5 — |x| _2+1 / n na [—1,0] u [0, 1] c ycAoeuHMU flupuxAe na KOHi^ax. 

Proof. IlycTb 

a(m) = U 1 (l) = U 1 (-l), B(m)=U 2 (l) = U 2 (-l). 



Rf = y{x) = [tu I Ui(t)f(t)dt - 1 / u 2 (t)f(t)dt + ] u 2 (t)f(t)dt\ u x (x)- 

1 _1 1 _1 _1 ( 4 - 14 ) 

f h J U 2 (t)f(t)dt - I / U 2 (t)f(t)dt + ) U x {t)f{t)dt\ U 2 (x), 
-1 -1 -1 J 

ecjiH a^OHfe^O. B cnjiy Toro, hto J n (2n) 7^ Vn G N (cm. [Zj) mojkho BbiSpaTb Taxyio 
OKpecTHOCTb tohkh a n , hto a(m) h 6(m) He o6pamaiOTCH b HOJib Kor^a a = —2 + m jiejKHT b 

3TOH OKpeCTHOCTH. 
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Onpe^ejiHM CHanajia y(x) = Rf(x) npn x > 0. Ecjih f(x) Heraa, to 

y{x) = < ~ / Ui(t)f(t)dt - J U 2 (t)f(t)dt I U^x) - J U x {t)f{t)dtU 2 {x). (4.15) 

I x Jo 

3^ecb mm BOcnojib30BajiHCb neTHOCTbio U\(x) h HeneTHOCTbio U 2 (x). B cnjiy paBeHCTBa 

J^(z) = J- U (z) + Y^) sin7rz/, 

nojiy^HM 

U*) = T^ m - 2/m U2(x) - m-V-r (1 - i) sin ^Y 1/m = 

(4.16) 

= SrTT7S m " 2/mf/ 2(x) + t/ 3 (x), x>0. 

IloflCTaBJiaa ()4.16|1 b (|4.15jL iiMeeM 



y(x) = jU 2 (t)f(t)dtU 3 (x) - \^JU 2 (t)f(t)dt- 


1 X 



J U 3 (t)f(t)dt + f U 3 (t)f(t)dt } U 2 (x) + o(l) npn 







c/ 2 (i) n 

(4.17) 



m 



1 



TaKHM o6pa30M, b npe^ejie nojiynHM fleftcTBiie Ha (pyHKHHio / pe30JibBeHTbi R + onepaTopa 
— is? ~~ |x| _2+1 / n Ha [0, 1] c ycjiOBHaMH ^Hpnxjie. Ecjih me f(x) HenerHa, to 



1 1 



y(x) = J U 2 (t)f(t)dm(x) -hj U 2 (t)f(t)dt - J Ui(t)f(t)dt I U 2 (x). (4.18) 

I X ) 

IloflCTaBJiaH ()4.16|) b (|4.18jl HMeeM 

y(x) = J U 2 (t)f(t)dtU 3 (x) - \m J U 2 (t)f(t)dt - J U 3 (t)f(t)dt) U 2 (x) + o(l) 
I x ) 

npn m — > -, hto coBnajjaeT c (|4.17j) . HTaK, jijih npoH3BOJibHoii f(x) G L 2 nojiynaeivi paBeHCTBO 

Rf = R + f + o(l), a;>0. 

n 



Tohho Tax >Ke mojkho HaiiTH (Rf)(x) npn x < 0. Pa3HHn,a jihhib b tom, hto R + Hajj,o 

JL 

dx 2 



3aMGHHTb Ha R- - pe30JibBeHTy onepaTopa —-fa — \x\ 2+l / n Ha [—1, 0] c ycjiOBHAMH ^npnxjie. 



□ 

TaKHM o6pa30M, mm onpejj,ejiHjiH onepaTop L(a) = — \x\ a , x G [—1, 1] c ycjiOBHHMH 

^Hpnxjie Ha KOHiiax npn Bcex a, Re a > —2. 

4.3. JJpyme rojiOMopcpHbie ceMeiicTBa. OnnnieM onepaTopbi L(a) jijih Jipyrnx 
rojiOMopcpHbix ceMeficTB noTeHHHajlOB Tnna (|4.1|) . 
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1. q(x) = — c\x\ a , rfle c > 0. Bee paccyjK,a,eHHa h nojiyneHHbie paHee yTBepxc^eHHa 
nojiHOCTbio coxpaHaiOTca b stom cjiynae. B KanecTBe <J>CP Ha^o b3htb (pyHKHHH c^~±Ui(-\fcx) 

H C~2^~iU 2 (\/cx). 

2. q{x) = c|x| a , r^e c > 0. B 3tom cjiynae mojkho npoBecra aHajiornnHbie paccy>KfleHHfl. 
SaivieTHM, hto npn c = 1 <DCP ypaBHeHna 

-y" + x a y = 

Ha OTpe3Ke [0, 1] HMeeT bh^ 



V^x) = i 1 / m m- 1 /"T (l - — ] v^J_ 1/m ( — i(-x) m/2 

\ m J \m 

V 2 (x) = -i-^l m m x l m Y (1 + — ] y/^xJi/m ( —i(-x) m / 2 

V ml \m 



(4.19) 



3th (pyHKii^HH HMeiOT cjie^yiOHi;He acHMnTOTHnecKHe pa3JiojKeHHH b Hyjie 

T/ ( rf \ 1 I (-z) m i_ (-x) 2 m . 

Viyj.) 1 T T 2!m 2 (m-l)(2m-l) ~T • • • , 

y 2 (^) = # 



1 I (~^) m j (-x) 2 m 

* V.m(m+1) * 2!m 2 (m+l)(2m+l) ">"••■ 



B CHJiy neTHOCTH noTeHiniajia, sth me cpyHKHHH SyzryT o6pa30BbiBaTb <PCP Ha OTpe3Ke [—1, 0]. 
OcTaeTca CKJieHTb <J>CP Ha OTpe3Ke [—1,1] H3 cpyHKHHH c^~^V\{y/cx) h c~~^~±V2{\fcx). 
IlepByio cpyHKHHio mm onaTb npo^ojiJKHM hcthmm, a BTopyio - HeneTHbiM o6pa30M. 

3. q(x) = csignx\x\ a . B 3tom cjiynae <DCP ypaBHeHHa 

-y" - signx\x\ a y = (4.20) 
Ha [0, 1] 6ya,eT TaKOH >Ke, kbr rjisi ypaBHeHna (|4.2|l . O^HaKO Ha [—1,0] b KanecTBe <PCP Ha^o 

B33Tb CpyHKHHH V\(x) H V 2 {x) . B KaHGCTBe <PCP ypaBHeHH3 (|4.20j) Ha [—1, 1] B03bMeM CpyHKHHH 



TT(rr\-i C2m 3C/ i( x )' x>0 tt frr\ - S 2m 4f/ 2(^), a;>0 
C2m 4^^), a; < [ c 2m 4i/ 2 (xj ) x < 



nojiynaeMoe cgmchctbo onepaTopoB L(a), a G II a TaK>Ke 6yfleT rojiOMopcpHO h Bee 
yTBepjK^eHHH TeopeMbi 4.2 BepHbi. Otjikhhc ^aHHoro ceMeflcTBa ot npeflbiflymiix coctoht 
b tom, hto b TOHKax a n = —2 + -, n = 1, 3, 5, . . . npe,n;ejibHbiH onepaTop 6y^eT otjihhgh ot 
npHMofi cyMMbi. 3to jierKO noHHTb, ecjin 3aMeTHTb, hto cooTHonieHHe ()4.16p 6y,n;eT HMeTb 
MecTO fljifl Bcex x G [—1, 1] a He tojibko fljia x > 0, t.k. b (I4.19|) KOSCpcpHHiieHTbi i l / m h 
—%~ x l m coBna^yT. rio^CTaBjifla (I4.1rijl HenocpeflCTBeHHO b (|4.14j) nojiyHHM b npe^ejie onepaTop, 
OTJiHHHbiH ot npHMofi cyMMbi. HeTpyflHO noKa3aTb, hto npn nerabix n npeflejibHbiii onepaTop 
no npejKHeMy 6y^eT npHMOfi cyMMOfi. 

4.4. Onpe^ejieHne onepaTopa MeTO^OM nocjie^OBaTejibHoii peryjiapH3au;HH. ^jih 
onpeflejieHHOCTH paccMOTpHM onepaTopbi L(ct) = —y" + \x\ a y. HanoMHHM, hto ochobhbim 
niaroM b nocTpoeHHH onepaTopa npn a > —3/2, T.e. flJia cjiynaa q(x) = u'(x), r^e u(x) G L 2 , 

6bIJIO BBe^eHHe KBa3HnpOH3BO,I],HOH 

mi , signx|x| a+1 

y -v n — y 

a + 1 
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h nepexcm ot pe30JibBeHTHoro ypaBHeHna 

-y"+\x\ a y = Xy + f 
k cncTeivie ^H(p(pepeHii;HajibHbix ypaBHeHHii nepBoro nopa^Ka 

1 \ 



(4.21) 



yi 

V2 



/ \x\ a+1 ■ 

I LJ — T - sign x 

a+l & 



\ T \2a + 2 lrl Q1 + 1 . 



Vi 

V2 



+ 



(4.22) 



c noMoiu,bio 3aMeHbi y\ — y, y 2 — y' 1 ' (cm. §1). ripn a > —3/2 sjieivieHTbi MaTpnubi CHCTeMbi 
jiejKaT b Li, hto no3BOJiaeT ^OKa3aTb Teopeiviy cymecTBOBaHHa h eflHHCTBeHHOCTii h flajiee 
onpeflejiHTb onepaTop L. 

H3JiojKeHHbiii b §1 MeTOfl mojkho pa3BHTb TaKHM o6pa30M, hto oh 6y,n;eT flaBaTb pe3yjibTaT 
h npn flpyrnx 3HaneHHax napaivieTpa a. Bo3bMeM 

Vi(x) = y(x), 

i \ u \ ( \x\ a+1 ■ \x\ 2a+:i signrr \ i \ 

y 2 {x) =y(x)- ^LL- sign x - ( ' a V 1)2(2a 8 +3) j y(ar). 

HenocpeflCTBeHHaa npoBepKa noKa3biBaeT, hto npn TaKoii 3aivieHe MaTpnua cncTeivibi ypaBHeHHii 
6y^eT HMeTb bh^ 



/ N^i _ _ |s| 2 °+ 3 signs 

a+ l bl S nx (a+l)2(2a+3) 



,|3a+4 



|X 



4a + 6 



\ A + 2 (a+l) 3 (2a+3) (a+l) 4 (2a+3) 2 

3jieMeHTbi 3toh MaTpHii,bi jie>KaT b Li npn a > 



■ la + l 



Q+1 blgll X -h (a+1) 2( 2a+ 3)/ 



5 a ^ 



3 

:; • " '' ' 2 ' 

npoflBHHyTbca ^ajibnie h o6pa6oTaTb 3HaneHHa napaivieTpa a > — |, a 7^ — |, — |, 



1. A™ Toro nToSbi 
1, 



HeoSxo^HMO c^ejiaTb 3aivieHy 



yi(x) = y(x), 



2/2 



(x)=y / (x)-(^sign 



x 



\x\ 2a+3 signs 
(a+l) 2 (2o+3) (. 



2[z[ 3 "+ 5 signs \ / x 
q+1) 3 (2q+3)(3q+5) y 



IIpoHecc nocjie^OBaTejibHon peryjiapnsaHnn mco-kho HeorpaHnneHHO npo,a,oji>KaTb. Ha Ka>K^OM 
mare HeoSxo^HMO floSaBJiaTb onepe^Hoe cjiaraeivioe b (popiviyjiy fljia y 2 . SaivieTHM, hto tohkh 
a = —2 + i, n — 1,2, . . . aBJiaiOTca HCKJiiOHHTejibHbiMH - MeTOfl He no3BOJiaeT onpeflejiHTb 
onepaTop fljia TaKHx a. 

OnHineM H3JiojKeHHbiii MeTOfl b o6meM BH^e. 3anHHieM ypaBHeHne PnKKaTH 

-w' + w 2 + \x\ a = 
h Sy^eivi HCKaTb ero pemeHne b BH^e pa^a 

w(x) = ai\x\ a+1 signx + a2|x| 2a+3 signx + a3|x| 3a+5 signx + . . . , 

a^-2 + i, ra=l,2,..., a > -2. 



(4.23) 
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Tor^a Mbi nojiy^HM ypaBHeHHa Ha K03(p(pHn,HeHTbi 



2 j n ~ 1 

— , . . . , <X n = ■ ■ - 

,1 r?,« 4- n 4- 1 

fc=i 



1 of 

a 4-1' 2a 4 3' " na + n + 



"J. 7- "2 ~~ — ~ ~ — Q-fcQ-n-fc- 



TaK KaK a > —2, to CTeneHii y HJieHOB pa^a 1)4.23^ a 41, 2a 4 3,... pacTyT, hto ^OKa3biBaeT ero 
paBHOMepHyio cxo^hmoctb Ha [—1,1] b cnjiy toto, hto \a n \ < C T^jTj • Kpoivie toto, HafifleTCH 
HOMep iV TaKoii, hto CTeneHb Na 4 2iV — 1 > 0. 06o3HaHHM ocTaTOK pa^a, HannHaa c 
SToro HjieHa nepe3 rjy(x), a HanajibHyio nacTb pa,a,a w(x) — rjy(x) =: Wn(x). Ecjih Tenepb 
b pe30JibBeHTHOM ypaBHeHHH (I4.21jl ocymecTBHTb nepexo,a, k CHCTeMe c noMombio 3aMeHbi 

Vi{x) = V( x ), V2{x) = y\x) - w N (x)y, 
to MaTpHn,a CHCTeMbi (|4.22j) SyijeT HMeTb bh^ 



w N 1 
-A 4 r' N 4 2wr N - r 2 N -w N 



(4.24) 



Ilpn 3tom Bee ee sjieivieHTbi jieacaT b L\. 

riepefifleM Tenepb k KOHCTpyKiirra onepaTopa L(a). B cootb6tctbhh c onncaHHofi 
peryjiapH3an;HeH, Ha30BeM nepBoii KBa3HnpoH3BOflHofl (pyHKiniio 

yW(x) := y\x) - w N (x)y(x), 

r,n;e (pyHKB^na wn(x) onpe^ejieHa Bbinie. 

Peryjiapn3yeM flH(p(pepeHii;HajibHoe BbipajKeHne ()fl.l|) . a hmchho, 3aMeHHM ero Bbipa»ceHHeM 

Kv) = -(y [1] (x)Y - w N (x)yW(x) 4 (r' N (x) + 2w N (x)r N (x) - r 2 N (x))y(x). (4.25) 
Be3^e b flajibHefiineM mm 6y,n;eM ncnojib30BaTb BbipajKeHne 1)4. 2 5j) BMecTO (|0.1|) . 

MaKCHMajibHbiii onepaTop Lm, CBiraaHHbiH c ^HcpcpepeHiniajibHbiM Bbipa>KeHHeM ()4.25|1 
onpe^ejiHM paBeHCTBaMH 

L M y=T(y), 

£)(L M ) = {y(x)\ y{x), yW(x) e Wii-1, 1]; %) G L 2 [-l, 1]}. 

MnHHMajibHbiH onepaTop L m onpe^ejiHM KaK cyaceHne onepaTopa Lm Ha oSjiacTb 

D(L m ) = {y|y(±l) = yW(±l) = 0}. 

Ilpe^jio^eHHe 4.4. Onepamop L m cuMMempeneH u 3aMKHym, ezo undencu deaieKma paenu 
{2, 2], a Jiw6oe ezo caMoconpsicHceHHoe pacmupenue L neAHemcH cywcenueM onepamopa Lm Ha 
o6Aacmb 

5)(L) = {y\ye ^(L M ),U 1 (y) = U 2 {y) = 0}, 
zde JiuneuHue cfiopMU UMewm npedcmaejienue 

Uj(y) = a jiy (0) 4 a j2 y^(0) 4 b n y(l) + b j2 y^(l) =0, j = 1, 2, (4.26) 

djitt KoatpQiuVtUeHmoe nomopux eunoAHenu paeencmea (|1.8jl . 
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Proof. IlocKOJibKy sjieMeHTbi MaTpnnbi (14.24ft CHCTeMbi 1|4.22J) jiejtcaT b npocTpaHCTBe L±, rjisi 
CHCTeMbi BepHa TeopeMa cymecTBOBaHna h g^hhctbghhocth penieHna 3a^aHH Koiiih (cm. [25, 
§16]). ^ajiee ,a,OKa3aTejibCTBO nojiynaeTca flocjiOBHbiM noBTopeHneM ,a,OKa3aTejibCTB TeopeM 1.1 
h1.2h3§1. □ 

3aMenaHHe 4.5. IJocKOAbKy gjyHKi^UM wn(x) HGAnemcH SAadnou e OKpecmHocmu moneK ±1, 
e gjopMyAax 3ah pacmupenuu \4-2&j) Kea3unpou3eodnasi Mocncem 6umb 3aMeHena o6uhhou 
npou36odHou. IIpu amoM KoacficfiimueHmu (fiopM Uj u3MeHHmcH, ho coomHomeHun (|1.8|) 
coxpawimcn. 

3aMenaHHe 4.6. Bu6pae Kpaeeue ycAoeun e npedAootcenuu 4-4 ycAoeuHMU JJupuxAe 
y(—l) = y(l) = 0, noAynuM onepamop, coenadamv^uu c onepamopoM L(a), nocmpoeHHUM 
MemodoM aHaAumuuecKozo npodoAwcenua 3ah nomeni^uaAa \x\ a (cm. §4-3 nyHKm 2). 



^eiicTBHTejibHO, H3 aHajiiiTHHHOCTii MaTpnn; f)4. 24(1 no napaivieTpy a h KJiaccnnecKon 
TeopeMbi H3 Kypca o6biKHOBeHHbix ^H(p(pepeHii;HajibHbix ypaBHeHiifi cjie^yeT aHajinTnnecKaa 
3aBHCHMOCTb pemeHnn o^HopoflHoro ypaBHeHHa 

-y" + \x\ a y = 

no a. 3to 03HanaeT, hto cpyH^aMeHTajibHaa CHCTeMa penieHnn o^HopoflHoro ypaBHeHna 
coBna^aeT c (pyHKurmMH V\(x), V2(x). 

B 3aKjiiOHeHHe ocTaHOBHMca Ha Bonpoce o bo3mojkhocth npn6jiH>KeHHfl nocTpoeHHbix 
onepaTopoB onepaTopaMH LQTypMa-JlHyBHjiJia c rjia^KHMH noTeHnnajiaMH. B § 1.2 mm 
noKa3ajin, hto hmggt MecTO paBHOMepHaa pe30JibBeHTHaa cxoahmoctb onepaTopoB L £ c 
rjia^KHMH noTeHnnajiaMH q £ (x) k onepaTopy L c noTeHnnajiOM q G , ecjin q £ — > q(x) 
npn £ — > b npocTpaHCTBe W^ 1 . 

B HanieM cjiynae noTeHnnajibi \x\ a He jieacaT b npocTpaHCTBe W^ 1 npn a < — |, a 3HannT 
TeopeMa He rapaHTnpyeT bosmokhoctb npH6jiH>KeHHH nocTpoeHHbix onepaTopoB. Bojiee Toro, b 
§1.5 6biji npHBe^eH npHMep, noKa3biBaioiu,HH, hto pa3JiHHHbie nocjie^OBaTejibHOCTH onepaTopoB 
c noTeHnnajiaMH, cxo,a,ainHMHca b npocTpaHCTBe W~ npn p < 2 MoryT cxo^HTbca k pa3HbiM 
npe^ejiaM hjih He cxo^HTbca BOBce. TeM He MeHee mojkho onncaTb KJiacc nocjie^OBaTejibHOCTeH 
rjia^KHx noTeHH^najiOB , TaKHx, hto onepaTopbi niTypMa-JInyBHJiJia c sthmh noTeHnnajiaMH 
6y^;yT npH6jin>KaTb nocTpoeHHbie onepaTopbi b CMbicjie CHJibHoii pe30JibBeHTHon cxo^hmocth. 

PaccMOTpHM MaTpnnbi 

WN,e 1 

-A + v N)£ -w N)e 
r^e cpyHKnnn 10jv j£ h Vn, £ rjia^Kne h BbinojiHeHbi ycjiOBna 

w N)£ -> w N , v N>£ ^r' N + 2wr N - r 2 n 

b npocTpaHCTBe Li npn e — > 0. Ot CHCTeMbi 

£)'-*&)-(?) (4 - 27) 



A £ 
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mo>kho coBepniHTb oSpaTHbiii nepexo,!], k ypaBHeHHio BToporo nopa^Ka 

-y'e + ( v N,e + w' Nt£ + w 2 N ^ £ )y £ = Xy £ + f, 

r^e y £ = yi >£ . B CHjiy TeopeMbi o HenpepbiBHoii 3aBiiciiMOCTii penieHHa CHCTeMbi 
,i],H(p(pepeHn,HajibHbix ypaBHeHiiii ot napaivieTpa, penieHiia CHCTeMbi (|4.27B SyayT cxo^iiTbca 11 

mm nojiy^HM CHjibHyio pe30JibBeHTHyio cxo^HMOCTb onepaTopoB L £ = ——-^ + Vjsi t£ + w N>£ + Wj^^ 
k nocTpoeHHOMy onepaTopy L. 
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